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I. NEWTONIAN MECHANICS

Newton’s laws of motion

1. There exists a primary inertial frame of reference.
In this reference frame every body remains at
rest, or in uniform motion, unless acted upon by
a force, F . The condition F = 0 thus implies a
constant velocity, v, and a constant momentum,
p = mv.

2. In the primary inertial frame, application of a
force alters the momentum. This alteration is gi-
ven quantitatively as

F = dp
dt ≡ ṗ

3. If body 1 exerts a force F12 on body 2, then body
2 exerts an equal and opposite force F21 = −F12
on body 1.

Central forces

Conservative forces can be assigned a (not unique) sca-
lar potential:

F = −∇V

in the case of central forces, the potential is only de-
pendent on the distance from the origin

F = −dV (r)
dr r̂

In this case the three dimensional motion occurs in a
plane, whose normal vector is the angular momentum,
ℓ:

ℓ ≡ r × p

i.e the plane of motion is spanned by the two vectors p
and r. The angular momentum for a central potential
is a conserved quantity, with magnitude

ℓ = mr2φ̇

This leads to Kepler’s second law, as this implies that
the area of the ellipse that is swept per (small) interval
of time is constant, thus that

Ȧ = ℓ

2m
The total energy of the system is given by

E = 1
2m

(
ṙ2 + r2φ̇2)+ V (r)

using the constancy of the angular momentum, this
can be interpreted slightly differently, namely that

E = 1
2mṙ2 + Veff (r)

where

Veff (r) = V (r) + ℓ2

2mr2

The typical case is that

V (r) = −mγ

r

in which case we can plot the effective potential:
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Figur 1

To solve for the motion analytically we use a change
in variables, where we express the radius as a function
of the angle, φ. In this case the energy is given as

E = ℓ2

2mr4

(
dr
dφ

)2

+ ℓ2

2mr2
− mγ

r

Separation of variables yields

φ = φ0 ∓
� u du′√

2mE
ℓ2 + 2m2γu′

ℓ2 − u′2

Which can be solved using a substitution

φ = φ0 ± arccos
(

1− uℓ2/m2γ√
1 + 2Eℓ2/m3γ2

)
Or, alternatively

r−1 = C (1− ε cos(φ− φ0))

where

ε =

√
1 + 2Eℓ2

m3γ2 , C = m2γ

ℓ2

ε is the eccentricity of the orbit. Here is the classifica-
tion of orbits, as per eccentricity:
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1. ε = 0 =⇒ circular

2. ε ∈ (0, 1) =⇒ elliptic

3. ε = 1 =⇒ parabolic

4. ε > 1 =⇒ hyperbolic

II. ACCELERATED COORDINATE SYSTEMS

Rotating coordinate systems(
dr
dt

)
inertial

=
(
dr
dt

)
body

+ ω × r

where the subscript inertial refers to a measurement of
the velocity taken in an inertial reference frame, whe-
reas body refers to the velocity of the body, taken in a
reference frame that is rotating together with the body.

Accelerations

Similarly for rotating coordinate systems that do not
have a constant angular velocity(

d2r
dt2

)
inertial

=
(
d2r
dt2

)
body

+ 2ω ×
(
dr
dt

)
body

+
(
dω
dt

)
× r + ω × (ω × r)

The corresponding fictitious forces in the rotating fra-
me have been given the following names

−m
dω
dt × r Euler force

−2mω ×
(
dr
dt

)
body

Coriolis force

−mω × (ω × r) Centrifugal force

Translations

Suppose this arbitrarily rotating coordinate system ad-
ditionally experiences a translational acceleration. Let
the vector from the inertial reference frame’s origin to
the rotating origin be a, then(

d2r
dt2

)
inertial

=
(
d2r
dt2

)
body

+ 2ω ×
(
dr
dt

)
body

+
(
dω
dt

)
× r + ω × (ω × r)

+
(
d2a
dt2

)
inertial

That is, the additional translational acceleration is me-
rely an additive term, independent of rotation.

III. LAGRANGIAN DYNAMICS

One of the many benefits of Lagrangian dynamics is
that it readily includes any constraints on the motion
in the equations of motion, where Newtonian mecha-
nics would have required careful attention to the addi-
tional forces and angles.

Holonomic constraints

Consider the motion of N particles, this system has
n = 3N degrees of freedom, as each particle is descri-
bed with three coordinates. Now let us describe the co-
ordinates of the particles as follows: The first particle’s
coordinates are given as x1, x2 and x3, and then the m-
th particle’s coordinates are x3(m−1)+1, x3(m−1)+2 and
x3(m−1)+3. We can write k equations∗, in the form

fj(x1, ... , xn, t) = cj , j = 1, 2, ..., k
that describe the constraints fully, then we call the
constraints holonomic.

This leads to a natural change in coordinates, as the
old coordinates {xi}i∈{1,2,...,n} no longer are linearly
independent, due to the constraints. Therefore there
are n − k independent degrees of freedom, which are
referred to as generalised coordinates.

D’Alembert’s principle is based on the observation
that reaction forces — that is forces that are the result
of constraints — cannot do any virtual work. This is
due to the fact that δW = F · δx, but the constraints
state that there can be no virtual displacement paral-
lel to constraining forces. The book refers to δx’s that
cannot be nonzero due to the constraining forces as
virtual displacements. Imagine a ball on the surface of
the table; the δx that goes into the table is a virtual
displacement, because this displacement cannot hap-
pen due to the constraining forces. This allows us to
state D’Alembert’s principle:∑

i

(
F

(a)
i − ṗi

)
δxi = 0

where F
(a)
i is the i-th applied force.

NB: If there were no constraints then the δxis would
be linearly independent, and by definition of linear in-
dependence this would imply that Fi = ṗi

†, which is
exactly Newton’s second law.

∗ We are assuming that these k holonomic constraints are inde-
pendent of each other. That is that, for example, there aren’t
two equations that describe the same constraints.

† We’ll leave out the superscript (a) from now on, just like the
book does.
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However, due to the fact that we are dealing with con-
straining forces the δxis are not linearly independent,
which in turn means that we cannot conclude that each
coefficient of δxi is zero. D’Alembert’s principle can be
used to state the equations of motion, without mentio-
ning the constraining forces at all:

The infinitesimal work done is given by

δW =
∑
i

Fiδxi

however, the δxis are not linearly independent, due to
the constraints, therefore it makes sense to express this
in a linearly independent basis

δW =
n−k∑
σ=1

(
n∑

i=1
Fi

∂xi

∂qσ

)
δqσ

The coefficients of each δqσ in the basis are referred to
as the generalised force:

Qσ ≡
n∑

i=1
Fi

∂xi

∂qσ

It only remains to rewrite the ṗi term from Equation
III. Once this is done, we get Lagrange’s equations:

d
dt

∂T

∂q̇σ
− ∂T

∂qσ
= Qσ, σ = 1, 2, ..., n− k

This equation becomes particularly beautiful, if the ge-
neralised forces are conservative, as they then can be
written as the gradient of a scalar potential, in which
case we have the Euler-Lagrange equations:

d
dt

∂L

∂q̇σ
− ∂L

∂qσ
= 0, σ = 1, ..., n− k

where the Lagrangian is defined as

L ≡ T − V

the kinetic energy minus the potential energy.

Calculus of Variations

The Euler-Lagrange equations can be found through a
more mathematical approach. Suppose we have a fun-
ctional, φL(γ, γ̇), which is a function of the trajectory,
and velocity. This functional, the action, is defined as

S ≡
� t2

t1

L(q, q̇, t) dt

Hamilton’s principle now states that this functional
is stationary, if the trajectory q(t)‡ is a solution to

‡ Here the vector q(t) is a long vector which can be thought of
as an ordered list of coordinates of all the particles.

Newton’s laws of motion. Additionally we require that
there is no variation of the position at t1 and t2, as
we would like to decide where the particles start and
finish:

δq(t1) = 0 = δq(t2)

The stationariness of the functional implies that

δS = δ

� t2

t1

L(q, q̇, t) dt = 0

The variation of the action can be rewritten as

0 = δS =
� t2

t1

n∑
σ=1

(
∂L

∂qσ
δqσ + ∂L

∂q̇σ
δq̇σ

)
dt

And using integration by parts once on the second
term, and applying our constraint that there is no va-
riation at the endpoints of the trajectory, we yield

0 =
� t2

t1

(∑
σ

(
∂L

∂qσ
− d

dt
∂L

∂q̇σ

)
δqσ

)
dt

Now there are two possibilities

1. All qσs are linearly independent of each other, in
which case we get the old Euler-Lagrange equa-
tions

d
dt

∂L

∂q̇σ
− ∂L

∂qσ
= 0

2. There are k holonomic constraints, fj for j =
1, 2..., k, in which case we get

d
dt

∂L

∂q̇σ
− ∂L

∂qσ
=

k∑
j=1

λj
∂fj
∂qσ

, σ = 1, ..., n

This might look familiar: In MatIntro we learnt about
finding extrema of functions at the border of its do-
main. Let f be the function whose extremum we want
to find, and g be the function that describes the border
of the domain, then

∇f = λ∇g

at the extremum! This technique is called the method
of Lagrange multipliers.

Generalised Momenta

For a conservative, holonomic system, Lagrange’s
equations state that

d
dt

∂L

∂q̇σ
− ∂L

∂qσ
= 0
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for n − k generalised coordinates, qσ. We define the
generalised momentum as

pσ ≡ ∂L

∂q̇σ

which in turn implies that

ṗσ = ∂L

∂qσ

Thus if ∂L
∂qσ

= 0, pσ is a conserved quantity. In cases
where ∂L

∂qσ
= 0 for some σ, we refer to qσ as a cyclic

coordinate.

The Lagrangian is invariant under point transforma-
tions (assuming they aren’t too ugly). Suppose that
our old coordinates, q and q̇, are given by the following
transformations

q = q(Q, t)
q̇ = q̇(Q, Q̇, t)

In that case we can put this into the Lagrangian:

L(q, q̇, t) = L(q(Q, t), q̇(Q, Q̇, t), t) = L̃(Q, Q̇, t)

Here we can again use the variational principle and get
the Euler-Lagrange equations

d
dt

∂L̃

∂Q̇σ

− ∂L̃

∂Qσ
= 0

VI. HAMILTONIAN DYNAMICS

The Hamiltonian is defined as the Legendre transfor-
mation of the Lagrangian:

H(q,p, t) ≡
∑
σ

pσ q̇σ − L(q, q̇, t)

The Legendre transformation is a transformation that
exchanges one variable for another, in this case the
transformation replaces q̇ with p. Therefore, even
though the Lagrangian is a function of q and q̇, the
Hamiltonian is a function of q and p.

Properties of the Hamiltonian:

1. If the Lagrangian does not depend explicitly on
time, then the Hamiltonian is independent of ti-
me:

∂L

∂t
= 0 =⇒ dH

dt = 0

2. If the potential and constraints are time-
independent, then the Hamiltonian is the total
energy of the system:

H = T + V

which is a conserved quantity.

An infinitesimal change in the Hamiltonian is given by

dH =
∑
σ

(
q̇σdpσ − ∂L

∂qσ
dqσ
)
− ∂L

∂t
dt

This leads to Hamilton’s equations:

∂H

∂pσ
= q̇σ,

∂H

∂qσ
= −ṗσ,

dH
dt = ∂H

∂t
= −∂L

∂t

Canonical Transformations

We know how to perform transformations using the
Lagrange formalism, therefore let us begin with that.
But before we can do that, we need to quickly discuss
the Legendre transformation again. We know that

H =
∑
σ

pσ q̇σ − L

If we assume that L is convex in the variable q̇σ (which
is the case for most physical problems), then applying
the Legendre transformation again will yield the origi-
nal function, that is to say that§

L =
∑
σ

pσ q̇σ −H, q̇σ = ∂H

∂pσ

This leads to∑
σ

pσ q̇σ −H(q,p, t) =
∑
σ

PσQ̇σ − H̃(Q,P , t)

+ d
dtF (q,Q, t)

The assumption that F = 0 is too strict a constraint.
It turns out that F (q,Q, t) is a generator of the trans-
formation q ⇝ Q, p⇝ P , and that

pσ = ∂

∂qσ
F (q,Q, t)

−Pσ = ∂

∂Qσ
F (q,Q, t)

H̃(Q,P , t) = H(q,p, t) + ∂

∂t
F (q,Q, t)

§ This is not as trivial as it seems, as the full definition of a Le-
gendre transformation is f∗(p) = supx {xp− f(x)}, where it is
not always the case that f(x) = f∗∗(x) = supp {px− f∗(p)}.
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Hamilton-Jacobi Theory

If we could choose a F such that Qσ is cyclic for all σ,
then this would make the description of the dynamics
of the system trivial. It turns out if we choose

F (q,Q, t) = −
∑
σ

PσQσ + S(q,P , t)

where S is the action, then this requirement is met.
The action thus also generates a transformation:

pσ = ∂

∂qσ
S(q,P , t)

Qσ = ∂

∂Pσ
S(q,P , t)

And
∂

∂t
S(q,P , t) = ∂

∂t
F (q,Q, t)

which in turn implies that

H̃(Q,P , t) = H(q,p, t) + ∂

∂t
S(q,P , t) = 0

However, we cannot find the action until we have de-
termined the trajectories. If we assume that

pσ = ∂

∂qσ
S(q,P , t)

then we can find a differential equation in S¶:

H(q,∇qS, t) +
∂

∂t
S(q,P , t) = 0

The solution to this differential equation will have n+
1 constants of integration (n from the integration of
the gradient, and one from the temporal derivative).
Solving this differential equation will give us S. We
choose that∗∗

P = α

where α1, α2, ..., αn are any n independent, non-
additive integration constants. Additionally

Q = β

where β1, β2, ..., βn are n additional independent con-
stants. Thus solving Equations VI and VI for q and p
we get that

qσ = qσ(α1, ..., αn;β1, ..., βn; t), σ = 1, ..., n

¶ the gradient w.r.t q is just ( ∂
∂q1

, ∂
∂q2

, ... ∂
∂qn

)
∗∗ Remember that P is constant by assumption

which is the trajectory of the particles.

Specifically, assume that the Hamiltonian has no expli-
cit time-dependence, then the action can be split into
the sum of two parts

S(q,α, t) = W (q,α)− α1t

This gives us

H(q,∇qW ) = α1 = E

Action-Angle Variables

Suppose the action is separable, which implies that W
can be written as:

W (q,α) = W1(q1,α) +W2(q2,α) + · · ·+Wn(qn,α)

The set of problems to which this applies can be readily
solved using Hamilton-Jacobi theory. This motion is
additionally called periodic motion, if one of the two
conditions is satisfied

1. (p, q) periodically returns to the same values.

2. p is a periodic function of q.

Let us now define the action variables:

Jσ ≡
�

pσ dqσ

The canonical momentum from Hamilton-Jacobi the-
ory is

pσ = ∂W

∂qσ
= ∂Wσ

∂qσ
, σ = 1, ..., n

substituting this into Equation VI we get that

Jσ = Jσ(α)

Thus Jσ is also a constant of motion. We can invert
this

ασ = ασ(J) =⇒ α1(J) = E = H(J)

Let us now express W and S as functions of J :

W (q, α1(J), α2(J), ..., αn(J)) = W̄ (q,J)
S(q, α1(J), ..., αn(J), t) = W̄ (q,J)− α1(J)t

This in turn implies that

pσ = ∂S̄

∂qσ

Q̄σ = ∂S̄

∂Jσ
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Note that P̄σ = Jσ and Q̄σ = β̄σ are still constants.
We next define the angle variables††:

wσ ≡ ∂

∂Jσ
W̄ (q,J), σ = 1, ..., n

We know that β̄σ is a constant of motion, thus

β̄σ = wσ − vσt, vσ ≡ ∂

∂Jσ
α1(J)

Thus

wσ = vσt+ β̄σ

vσ is the frequency of the σ-th variable.

Poisson Brackets

I will not use the book’s notation; instead I will use
the standard notation, where the Poisson brackets are
written as {·, ·}. The Poisson brackets are defined as

{f, g} =
∑
σ

(
∂f

∂qσ

∂g

∂pσ
− ∂f

∂pσ

∂g

∂qσ

)
The Poisson brackets are antisymmetric, thus

{f, g} = −{g, f}

The Poisson brackets of a function and the Hamiltoni-
an describe the time-dependence of the function:

{f,H} =
∑
σ

(
∂f

∂qσ
q̇σ + ∂f

∂pσ
ṗσ

)
= df

dt − ∂f

∂t

Thus a quantity, x, (without explicit time-dependence)
is a constant of motion if

{x,H} = 0

Additionally Poisson brackets make for an easy test for
whether variables are canonical. {p, q} are canonical
variables iff:

{qα, pβ} = δα,β

and

{pα, pβ} = 0 = {qα, qβ}

Some Poisson bracket rules:

{A+B,C} = {A,C}+ {B,C}
{AB,C} = {A,C}B +A {B,C}

0 = {A, {B,C}}+ {B, {C,A}}
+ {C, {A,B}}

d
dt {A,B} =

{
d
dtA,B

}
+
{
A,

d
dtB

}

†† which are canonically conjugate to the action variables
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