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SPECIFIC HEAT OF SOLIDS

As far back as 1819 it was discovered that for many
solids the heat capacity per atom is

C = 3kB , kB = 1.38 · 10−23 J
K

This is true for many monoatomic solids, however, the-
re are a few exceptions, such as diamond. This was
later explained quite accurately, by Stefan Boltzmann
(in 1896), using a classical model, treating each atom
as a harmonic oscillator. However, this law could not
sufficiently describe the low temperature behaviour of
solids.

Einstein Model of solids

Einstein’s idea was similar to that of Boltzmann, howe-
ver, he treated the harmonic oscillators quantum me-
chanically. The n-th eigenenergy of the harmonic oscil-
lator is

En = ℏω
(
n+ 1

2

)
where ω is the eigenfrequency of the harmonic oscil-
lator, sometimes referred to as the Einstein frequency.
Using this we can define the partition function:

Z =
∑
n

e−βℏω(n+ 1
2 ) = e−βℏω/2

1− e−βℏω = 1
2 sinh (βℏω/2)

From here we can define most thermodynamic quanti-
ties, such as, for example the average energy

⟨E⟩ = ℏω
(
nB(βℏω) +

1
2

)
where the Bose-Einstein distribution is given by

nB(x) =
1

ex − 1

This is easy to generalise to three dimensions (n+ 1
2 ⇝

(nx + 1
2 )+ (ny + 1

2 )+ (nz + 1
2 )), using the rules for the

exponential function:

Z3D = (Z1D)3

The derivative of the average energy with respect to
temperature gives us the heat capacity:

C = 3kB (βℏω)2 eβℏω

(eβℏω − 1)2

This means the heat capacity is effectively constant for
high temperatures, compared to the Einstein tempera-
ture TEinstein ≡ ℏω

kB
, and decays exponentially for low

temperatures:

T

C

Figur 1: Heat capacity as a function of T .

Note that we recover C = 3kB for high temperatu-
res, and that the vibrational degree of freedom "fre-
ezes out"at low temperatures. For most materials the
Einstein temperature is low compared to room tempe-
rature, however, for diamond TEinstein ≈ 1320K, which
is why C < 3kB per atom for Diamond. This is due to
the strong atomic bonds between carbon atoms.

Debye Model of solids

Einstein’s result did quite well, however, only quali-
tatively in the low temperature region. It was shown
experimentally that there would be a T 3 dependence
for low temperatures, which is not at all what Einste-
in’s calculations predicted.

Debye realised that the vibrations inside solids are wa-
ves, and that waves should be quantised similarly to
how Planck quantised light in 1900. However, there
are a few differences between light and sound. Natu-
rally the speed of sound is far lower than the speed of
light, but additionally light only has two polarisations
for any given k, whereas sound has three vibrational
modes (two transversal and one longitudinal).

More often than not we will look at waves using perio-
dic boundary conditions. For a sample length of L this
restricts the possible values of k to

k = 2πn
L

, n ∈ Z

If we are required to sum over all k values, we can
instead integrate as follows:∑

k

⇝
L

2π

� ∞

−∞
dk

Generally though, in three dimensions this looks quite
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similar:

k = 2π
L

n1n2
n3

 , n1, n2, n3 ∈ Z

and the summation can also be replaced by a volume-
tric integral in k-space:∑

k

⇝

(
L

2π

)3 �
dk

It’s often beneficial to use spherical coordinates to car-
ry out this integral.

Debye assumed∗ a linear dispersion relation:

ω(k) = v∥k∥

Now we would like to sum over all values of k:

⟨E⟩ = 3
∑
k

ℏω(k)
(
nB(βℏω(k)) +

1
2

)
= 3L3

(2π)3

�
dk ℏω(k)

(
nB(βℏω(k)) +

1
2

)
Using spherical symmetry we convert this into a sphe-
rical integral, which we additionally can simplify, by
using k = ω

v , to

⟨E⟩ =
� ∞

0
dω g(ω)(ℏω)

(
nB(βℏω) +

1
2

)
where we have taken everything from the integral that
is not ε(ω) and combined it into the density of states:

g(ω) = 9Nω2

ω3
D

, ωD =
(
6π2n

)1/3
v

where ωD is known as the Debye frequency. The term
with 1

2 integrates up to a temperature independent
constant†, therefore it does not contribute to the heat
capacity. We get

⟨E⟩ = 9Nℏ
ω3
D (βℏ)4

� ∞

0
dx x3

ex − 1 + C

where C is the temperature independent constant. The
integral is just a constant, so we get

⟨E⟩ = 9Nℏ
ω3
D (βℏ)4

π4

15 + C

∗ This assumption turns out to be accurate for long wavelengths,
however not for shorter wavelengths, as we will see.

† Which unfortunately is infinite, but never mind that

This gives us an expression for the heat capacity:

C = ∂⟨E⟩
∂T

= NkB
T 3

T 3
D

12π4

5 , TD ≡ ℏωD

kB

This gives us the T 3 dependence, as expected. Unfortu-
nately this expression is proportional to T 3 for all tem-
peratures, however, this is because it is not reasonable
to assume that all sound modes are activated (it is
certainly not the case that we have an infinite num-
ber of sound modes, all with increasing energy). Debye
fixed this problem by introducing a cutoff frequency:

3N =
� ωcutoff

0
dωg(ω)

Using this expression for the cutoff frequency, we can
set an upper limit for the frequency in our integral for
the average energy. At high temperatures the Bose-
Einstein distribution becomes ≈ kBT

ℏω , so we get

⟨E⟩ = kBT

� ωcutoff

0
dωg(ω) = 3NkBT

which is exactly Dulong-Petit. Evaluating the cutoff
frequency:

3N =
� ωcutoff

0
dωg(ω) = 9N

� ωcutoff

0

ω2

ω3
D

= 3N
ω3
cutoff
ω3
D

hence the cutoff frequency is exactly the Debye
frequency. Interestingly enough kD = ωD

v =
(
6π2n

) 1
3

is of the order of inverse interatomic distance.

Debye’s theory has a few shortcomings:

1. The cutoff frequency is more of a hack than good
physics.

2. The linear dispersion is not accurate, especially
for large value of k.

3. Debye theory is not accurate at intermediate
temperatures.

4. This model cannot explain the linear temperatu-
re dependent term that appears in metals in the
low temperature limit.

VIBRATIONS OF A ONE-DIMENSIONAL
MONATOMIC CHAIN

Consider a harmonic monatomic chain with spring con-
stant κ and lattice constant a. Denote the position of
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the n-th atom by xn and its equilibrium position as
xeqn . Using this we can define the n-th atom’s displace-
ment

δxn = xn − xeqn

The total potential is a sum over the individual har-
monic oscillators:

Vtot =
∑
i

V (xi+1 − xi) =
∑
i

κ

2 (δxi+1 − δxi)2

There are only two terms that depend on δxn, so luck-
ily the force F = −∇V = mδẍn is evaluated quite
easily:

mδẍn = κ (δxn+1 + δxn−1 − 2δxn)

We will now use the Ansatz, that the oscillations will
be of the form:

δxn = Aei(ωt−kxeq
n ) = Aei(ωt−kna)

where I have used that the spacing between atoms is
a and assumed that xeq0 = 0. This gives us

−mω2Aei(ωt−kna) = κAei(ωt−ikna) (e−ika + eika − 2
)

hence

ω2 = 2ω2
0 (1− cos(ka)) = 4ω2

0 sin2
(
ka

2

)
, ω2

0 = κ

m

Thus we obtain

ω = 2ω0

∣∣∣∣sin(ka2
)∣∣∣∣

which looks like this

−π
a

π
a

ω0

2ω0

k

ω±(k)

Figur 2: The first Brillouin zone for a monatomic harmonic
chain.

Notice that ω(k) is periodic in k, so there is no diffe-
rence between ω(k) and ω(k + 2π/a). This is actually
far more general than it appears: there is no physical
difference between modes with k and k + 2π/a, hence
we can look at the Brillouin zone alone, which is de-
fined as the values of |k| that are not equivalent to a

smaller value of |k|. This is related to residue classes,
as

k ≡ k +G mod G, G = 2πn
a
, n ∈ Z

hence we just need to look at all different [k] – the
Brillouin zone.

This leads us to a very general and important result:

If a lattice is periodic in real space with
periodicity a, then the reciprocal lattice is
periodic, with periodicity 2π/a.

For example this implies that if the unit cell has width
a then the Brillouin zone with have width 2π/a.

Given a direct lattice with lattice points denoted by
xn we can find the reciprocal lattice points, Gm by

eiGmxn = 1

Properties of the one-dimensional chain

The velocity of wave packets if defined by the group
velocity, which follows from Hamiltonian mechanics:

vgroup ≡ dω
dk

additionally we can define the phase velocity as

vphase ≡
ω

k

which is the velocity at which individual maxima and
minima. Using our dispersion relation we see that long
wavelength waves (small values of k) have an approxi-
mately constant group velocity (these are sound wa-
ves). At higher values of k the group velocity decreases,
and it reaches zero at the Brillouin zone boundary‡.

The total number of normal modes is the size of the
Brillouin zone (2π/a) divided by the spacing between
neighbouring k values (2π/(Na)), hence there are N
normal modes, which is precisely what Debye assumed
previously.

Quantum Modes: Phonons

Let us introduce the quantum correspondence princip-
le:

‡ this holds generally
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If a classical harmonic system has a normal
mode with frequency ω then the correspon-
ding quantum system will have eigenstates
with energy

En = ℏω
(
n+ 1

2

)
This fits very well with what found in QM with the
quantum harmonic oscillator, however, this also holds
for coupled harmonic oscillators. This leads us to de-
fine the phonon: a quantum of vibration. There is no
constraint to how many phonons can occupy the sa-
me energy simultaneously, hence phonons are bosons.
Therefore the occupancy of any mode is described with
the Bose-Einstein distribution:

nB(βℏω) =
1

eβℏω − 1
and hence the expectation value of the energy is

⟨Ek⟩ = ℏω(k)
(
nB(βℏω) +

1
2

)
The total energy is given by the sum of these individual
terms, which can be evaluated by an integral instead,
as discussed previously. We get

U = Na

2π

� π/a

−π/a

dkℏω(k)
(
nB(βℏω) +

1
2

)
using a change in variables this integral is written as an
integral with respect to ω, where we need to include the
density of states over frequency, as we did previously.
However now we can see that

g(ω) = Na

π

∣∣∣∣ dkdω
∣∣∣∣

where the extra factor of two is because each value of
ω corresponds to two values of k (one positive and one
negative).

VIBRATIONS OF A ONE-DIMENSIONAL
DIATOMIC CHAIN

Let us now instead consider a one-dimensional diato-
mic chain. They will have equal masses, say m, and
two different spring constants, say κ1 and κ2. As in
the following figure

m m

κ2 κ1
m m

κ2 κ1κ1

a

We could from here define a basis, which is where each
atom is with respect to the unit cell. For example the
basis for the diatomic chain in the figure above would
be

light gray atom at the position of the lattice
point
dark gray atom 17

30a to the right of the lat-
tice point.

Normal modes of the diatomic chain

The calculation for a diatomic chain is very similar to
that of the monoatomic chain, however, now we have
two displacements we need to keep track of. Let us
denote the displacement of the light gray atoms by
δxn and the dark gray atoms by δyn. We would then
get

mδẍn = κ2 (δyn − δxn) + κ1 (δyn−1 − δxn)
mδÿn = κ1 (δxn+1 − δyn) + κ2 (δxn − δyn)

Once again assuming planar waves we get that

δxn = δxn+1e
ika

δyn = δyn−1e
−ika

and also that δẍn = ω2δxn, thus

mω2
(
δxn
δyn

)
=
(

κ1 + κ2 −κ2 − κ1e
ika

−κ2 − κ1e
−ika κ1 + κ2

)(
δxn
δyn

)

The eigenvalue equation gives us

ω± =
√
κ1 + κ2
m

± 1
m

√
κ21 + κ22 + 2κ1κ2 cos(ka)

Which looks like

−π
a

π
a

√
2κ1
m

√
2κ2
m

√
2(κ1+κ2)

m

Optical
Acoustic

Figur 3: Dispersion relation for the diatomic chain in the
reduced scheme.



5

For k → 0 on the acoustic mode we have the sound
waves, for which there is a linear dispersion. We can
define the speed of sound in this limit:

vsound = dω−

dk =

√
a2κ1κ2

2m(κ1 + κ2)

ELECTRONS IN METALS

Drude theory

The first model of electrons discussed in the course is
the Drude theory, which makes the following assump-
tions:

1. Electrons have a scattering time τ , which cor-
responds to the average time between collisions.
The probability of scattering in the time interval
dt is dt/τ .

2. Once a scattering event occurs we assume the
momentum returns to p = 0. This is not true
for individual electrons, but is the case for the
expectation value of p.

3. In between scattering events electrons respond to
external electric and magnetic fields as per the
Lorentz force.

Using this we can derive a differential equation that
relates the momentum to the applied electric and mag-
netic fields – the Drude equation:

dp
dt = −e (E + v ×B)− p

τ

At equilibrium we get that

E =
(
j ×B

ne
+ m

ne2τ
j

)
where n is the electron density and we have used that
j = −nev. Using this we can define the resistivity
tensor, ρij , whose "diagonal"entries are the Drude re-
sistivity:

ρii =
m

ne2τ

For B ∥ ẑ we get

ρxy = −ρyx = B

ne

the Hall resistivity. The Hall coefficient RH is defined
as

RH =
ρyx
|B|

= − 1
ne

where the final equality is the result from Drude the-
ory. We can define the conductivity tensor, σij as the
inverse of ρij , hence

jα = σαβEβ , RISO

RISO means repeated indices are summed over.

Thermal transport

The Drude theory of electrons, together with the ki-
netic theory of gas can help explain the Wiedemann-
Franz law§. κ is the thermal conductivity, which is used
in the diffusion equation. The ratio κ

Tσ ≡ L is known
as the Lorenz number, and the two theories together
predict that

L = κ

Tσ
= 3

2

(
kB
e

)2

≈ 1.11 · 10−8WΩ K−2

which is very close (up to about a factor two) to the
experimentally observed values for various metals.

However, this theory is wrong, but we get approxima-
tely the right results due to two mistakes that luckily
cancel. We have vastly underestimated the velocity of
electrons in metals, and vastly overestimated the speci-
fic heat of electrons in metals (both of which were used
to calculate the heat conductance). In conclusion: we
cannot use classical gas theory to describe electrons in
a metal.

This can be seen when looking at the Seebeck and Pel-
tier effects. The Peltier effect states that electric cur-
rents also cause heat currents:

jq = Πj

where Π is the Peltier coefficient. In kinetic theory of
gasses the thermal current is

jq = 1
3cV Tnv

where cV is the specific heat. This leads to a Seebeck
coefficient of

S = Π
T

= −kB
2e = −0.43 · 10−4V K−1

§ Wiedemann and Franz found that the ratio κ
Tσ

is approxima-
tely constant for most metals.
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which is off by about a factor of 100 for most metals,
and in fact some metals have a Seebeck coefficient that
has the opposite sign.

Sommerfeld theory

Sommerfeld theory incorporates Fermi-Dirac statisti-
cs, into the description of electrons in metals. Given a
system of non-interacting electrons with chemical po-
tential, µ, the probability of an eigenstate with energy
E being occupied is given by the Fermi-Dirac distribu-
tion¶:

nF (β(E − µ)) = 1
eβ(E−µ) + 1

Now consider a box with volume V = L3 with periodic
boundary conditions∗∗. The eigenstates will be planar
waves, with quantised wave vectors:

ε(k) = ℏ2∥k∥2

2m , k = 2π
L

n
m
ℓ

 , n,m, ℓ ∈ Z

At T = 0 the Fermi-Dirac distribution is a reversed
Heaviside function, which flips at the Fermi energy:

nF (β(E − µ)) T→0−→ Θ(EF − ε(k))

Where the Fermi energy is defined as EF = µ(T = 0).
The Heaviside function leads to a natural definition of
the Fermi wavevector:

EF − ε(k) = 0⇝ EF =
ℏ2k2F
2m

At T = 0 we can integrate nF with respect to k to get
the total number of electrons, and use the spherical
symmetry to get

N = V

4π3

(
4
3πk

3
F

)
⇝ EF =

ℏ2
(
3π2n

) 2
3

2m

Using the relation between ε and k we can change any
integral over k into an integral over ε, for example

Etotal = V

� ∞

0
dε εg(ε)nF (β(ε− µ))

¶ Note the similarity to the Bose-Einstein distribution. The dif-
ference being the opposite sign in the denominator.

∗∗ It doesn’t really matter whether we use periodic boundary
conditions or fixed boundary conditions, as the main contri-
butor to the physics of the system is the bulk, of which there
is much more than there are borders.

where g(ε) is the density of states per unit volume,
over energy. Unfortunately it is very difficult to calcu-
late this integral for non-zero temperatures, due to the
Fermi-Dirac distribution. The Sommerfeld expansion
uses the fact that the integral is easily calculated at
T = 0 and Taylor expands the integral from there,
giving

E(T ) = E(T = 0) + γ̃

2V g(EF )(kBT )2 + · · ·

where γ̃ = π2

3 . Which gives us a linear heat capacity

C = γ̃

(
3NkB

2

)(
T

TF

)
which is the missing linear term for the heat capacity
of metals – the linear term is hence because of the
electrons in the metal, that do not behave classically.

Unfortunately this model too has its shortcomings,
which is why we shall venture even further. Here are
some things that are not explained by Sommerfeld the-
ory:

1. Why aren’t electrons scattered by the positively
charged nuclei?

2. Why do core electrons not contribute to the Fer-
mi energy and velocity, and why don’t insulators
have any free electrons?

3. We still do not understand why the Hall coeffici-
ent sometimes has the wrong sign.

4. Many optical features, such as high harmonic ab-
sorption are not explained by the Sommerfeld
theory.

5. Sometimes measurements of the specific heat of
electrons is still off by a factor 10. Additionally
we sometimes measure the wrong electron mass

6. We cannot explain magnetism

7. Electron interaction – we ignored electron-
electrons interactions, and there is no reason this
should be accurate.

CHEMICAL BONDS

Covalent Bond

Suppose we have two hydrogen atoms that are close
enough to each other for them to interact. We will
use the Born-Oppenheimer approximation, which sta-
tes that we can view the nuclei as stationary, and solve
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for the electronic wave functions separately. Once this
is done one would use the electronic energy surfaces as
a function of the internuclear distancing to solve the
nuclear wave functions, however, that is not what we
are doing now.

Let us consider a single electron between the nuclei.
This will have the following Hamiltonian

H = T + V1 + V2, Vi = − e2

4πε0∥r −Ri∥

Using the variational principle we will take a trial wave-
function:

|ψ⟩ = φ1 |1⟩+ φ2 |2⟩

where

(T + V1) |1⟩ = ε0 |1⟩
(T + V2) |2⟩ = ε0 |2⟩

assume ⟨i|j⟩ = δij and define

⟨1|V2|1⟩ = ⟨2|V1|2⟩ = Vcross

where the first equality is due to the indistinguisha-
bility of the two nuclei. Additionally let us define the
hopping term:

⟨1|V1|2⟩ = t

let us assume t > 0. Now this gives us a Schrödinger
equation of the form:ε0 + Vcross t

t ε0 + Vcross

φ1
φ2

 = E

φ1
φ2


which has the following eigenvalues:

E± = ε0 + Vcross ± t

with eigenvectors

|ψbonding⟩ =
1
√
2
(|1⟩ − |2⟩)

|ψantibonding⟩ =
1
√
2
(|1⟩+ |2⟩)

This says that there exists a state |φbonding⟩ where it is
more convenient for the hydrogen nuclei to be bonded
together, hence forming H+

2 , as this has lower energy
than the energy of the two individual hydrogen nuclei
with the electron on one of them.

This is the basic principle behind covalent bonding.

Van der Waals, Fluctuating Dipole Forces, or Molecu-
lar Bonding

Atoms have a dipole moment, whose expectation is
zero. However, the dipole moment can fluctuate mo-
mentarily, which will induce a dipole-force between
atoms. This is what is known as the Van der Waals
force. It is weak compared to ionic and covalent bonds,
however the force can act over a further distance,
because electrons don’t need to hop.

Metallic Bonding

It is sometimes difficult to distinguish between cova-
lent and metallic bonds – both involve the sharing of
electrons through delocalisation. However for the me-
tallic bonds the delocalisation is on the scale of the en-
tire crystal, whereas covalent delocalisation only hap-
pens between two atoms (or a few). The delocalised
electrons act as free particles, which conduct electri-
city. The delocalisation does not favour any direction
particularly, therefore slightly moving atoms will not
affect the bonds – metals are often ductile and mal-
leable.

Hydrogen Bonding

The electronegativity and small size of hydrogen means
that hydrogen can take on a positive partial charge.
This special case is why we treat hydrogen bonding
separately to other atomic bonds. The partial charges
of hydrogen and the donor/acceptor cause a dipole-
moment, which attracts neighbouring molecules. In the
example of water the oxygen atoms take on a negative
partial charge, which attracts neighbouring positively
(and partially) charged hydrogen atoms.

In summary:

1. Ionic bonds: Electron is transferred from one
atom to another. Formed by atoms with very dif-
ferent electronegativity. Hard, brittle, high mel-
ting temperature, insulator, hydrophilic.

2. Covalent bonds: Electron is shared between neig-
hbouring atoms. Usually atoms in the groups III
to V . A great example is silicon and diamonds.
Very hard, high melting temperature, insulator
or semiconductor.

3. Metallic bonds: Electrons are delocalised throug-
hout the lattice. Left and middle of the periodic
table. Ductile, malleable, hardened by impuri-
ties, lower melting temperature, good electrical
and thermal conductors.

4. Van der Waals bonding: No transfer of electrons,
only due to the oscillating dipole moment of
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atoms. Noble gas solids, non-polar solids. Soft,
weak, low melting temperature, insulator.

5. Hydrogen bonding: Involves partially charged
hydrogen atoms. Important in organic materials.
Holds together ice. Weak bond (stronger than
Van der Waals).

TIGHT BINDING CHAIN

1D chain

Let us denote the wavefunction of electron at the n-th
electron as |n⟩. As we saw previously the interactions
between these atoms will cause the electron orbits to
hybridise. Hence the hybridised wave function will be
some linear combination of atomic orbitals:

|Ψ⟩ =
∑
n

φn |n⟩ , ⟨n|m⟩ = δnm

where the orthonormality is an assumption, the orbi-
tals at each site needn’t be orthogonal, and in fact
aren’t orthogonal for small interatomic distances. The
time-independent Schrödinger equation in this Hilbert
space is ∑

m

Hnmφm = Eφn, ⟨φn|H|φm⟩

Let us say that the electrons have an on-site energy of
ε0, and a hopping energy of t:

Hnm = ε0δnm + t (δn−1,m + δn+1,m)

Let us now assume that our wave function is of the
form:

φn = e−ikna

√
N

plugging this into our time-independent Schrödinger
equation gives us

E = ε+ 2t cos(ka)

note that t is normally negative, hence it is convenient
for the electrons to dissociate. This means its conveni-
ent to write

E = ε− 2|t| cos(ka)

−π
a

π
a

−2|t|

2|t|

k

E(k)

Figur 4: The first Brillouin zone for a monatomic tight-
binding chain.

Note that in the long wavelength limit this is parabolic:

E ≈ E0 + |t|a2k2

where E0 = ε − 2|t|. This means that our linear com-
bination of atomic orbitals behave as a quasiparticle,
whose mass is

ℏ2k2

2m∗ = |t|a2k2 ⇝ m∗ = ℏ2

2|t|a2

Filling bands

In the ground state T = 0 we fill the states from the
bottom upwards. However, Pauli’s exclusion principle
says that we can fill each state with two electron (one
with up and one with down spin). Thus for monovalent
atoms we would only fill half the band:

−π
a

π
a

−2|t|

2|t|

k

E(k)

Figur 5: The first Brillouin zone for a monatomic, monova-
lent tight-binding chain.

Applying a constant electric field would apply a force
F = −eE:

ℏ
dk
dt = −eE ⇝ k(t) = −eE

ℏ
t

which will cause the states to move slightly to the side
– but not indefinitely, presumable because of the im-
purities? There do exist cases where you can drive the
band on and on towards the right. Once it disappears
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on the right side of the Brillouin zone boundary, it will
reappear on the left side – these are known as Bloch
Oscillations.

−π
a

π
a

−2|t|

2|t|

k

E(k)

Figur 6: The first Brillouin zone for a monatomic, monova-
lent tight-binding chain. The electric field causes a
displacement in k.

The group velocity 1
ℏ
dE
dk = vg is asymmetric now –

there are more (quasi-) electrons with a positive group
velocity than a negative group velocity– we have indu-
ced a current.

This leads to the fact that filled bands cannot carry
currents – the band is periodic and filled, so a displa-
cement will leave the band unchanged.

CRYSTAL STRUCTURE

A lattice is defined as an infinite set of points (latti-
ce points) defined by integer linear combinations of a
set of linearly independent primitive lattice vectors. In
three dimensions we can write a lattice vector as

R[n1,n2,n3] = n1a1 + n2a2 + n3a3 = [n1, n2, n3],
n1, n2, n3 ∈ Z

Within the lattice is the unit cell: a region of space such
that when many identical units are stacked together it
tiles (completely fills) all of space and reconstructs the
full structure. If a unit cell contains only one lattice
point it is a primitive unit cell.

There is an algorithm that can be used to always create
a primitive unit cell from a lattice point. Given a lattice
point, all points in space that are closer to the given
lattice point than to any other lattice point constitute
the Wigner-Seitz cell. Hence by finding perpendicular
bisectors between the given and all of the closest lattice
points you will find the Wigner-Seitz cell.

The unit cell describes the lattice points, which do not
necessarily correspond to atoms. Hence given a unit

cell, we need to define where the atoms lie within the
cell – this is done using the basis. For instance graphe-
ne’s basis†† is

RCarbon1
[n1 n2] = [n1, n2] +

[
2
3 ,

1
3

]
RCarbon2

[n1 n2] = [n1, n2] +
[
1
3 ,

2
3

]
This basis is for the following unit cell:

a2

a1

a

c2

c1

R[11]R[00]

R[10]

R[01]

Figur 7: Graphene Lattice. The dashed lines denote the unit
cell.

In three dimensions there are only a finite number of
lattices, I will name two of these presently, as well as
their defining characteristics:

1. Body centred cubic (bcc) lattice: A simple cubic
lattice where we have added an additional lattice
point in the middle of the cube:

Rcorner = [n1, n2, n3]

Rcentre = [n1, n2, n3] +
[
1
2 ,

1
2 ,

1
2

]

†† Note that the basis is dependent on which unit cell is chosen
– hence not unique.
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with the following primitive unit vectors

a1 = [1, 0, 0]
a2 = [0, 1, 0]

a3 =
[
1
2 ,

1
2 ,

1
2

]

2. Face centred cubic (fcc) lattice: A simple cubic
lattice where we have added additional lattice
points at the centre of each face:

Rcorner = [n1, n2, n3]

Rface, xy = [n1, n2, n3] +
[
1
2 ,

1
2 , 0
]

Rface, xz = [n1, n2, n3] +
[
1
2 , 0,

1
2

]
Rface, yz = [n1, n2, n3] +

[
0, 12 ,

1
2

]
with primitive lattice vectors

a1 =
[
1
2 ,

1
2 , 0
]

a2 =
[
1
2 , 0,

1
2

]
a3 =

[
0, 12 ,

1
2

]

It can be quite difficult to show 3D crystal structures,
therefore one often uses the plan view, where you pro-
ject the 3D image onto the plane and explicitly denote
the lost-component for each atom:

1
2

1
2

1
2

1
2

1
4

1
4

3
4

3
4

Figur 8: Plan view of the diamond crystal. Unmarked points
are at z = 0 and z = 1.

THE RECIPROCAL LATTICE

Given a lattice vector, R, we can define the reciprocal
lattice as all vectors, G, such that

eiG·R = 1

We now make the following claims:

1. The reciprocal lattice is a lattice in reciprocal
space.

2. The primitive reciprocal lattice vectors (bi) have
the following property:

ai · bj = 2πδij
where ai are the primitive direct lattice vectors.

Using these properties, we can construct the vectors
ai:

bi =
πεijkaj × ak

a1 · (a2 × a3)
for instance, this gives us

b1 = 2πa2 × a3

a1 · (a2 × a3)

These vectors are linearly independent‡‡, and therefore
they span R3. Thus we can write all G as

G = m1b1 +m2b2 +m3b3

Additionally we have that

1 = eiG·R = e2πi(n1m1+n2m2+n3m3)

this is true if and only if m1,m2,m3 ∈ Z.

Fourier transform of the direct lattice

Let us define the density of lattice points as

ρ(r) =
∑

n1,n2,n3

δ3 (r − (n1a1 + n2a2 + n3a3))

The Fourier transform hereof would be

F {ρ(r)} =
∑

n1,n2,n3

�
R3

dreik·rδ3 (r − (n1a1 + n2a2 + n3a3))

=
∑

n1,n2,n3

eik·(n1a1+n2a2+n3a3) =
∑

R∈ DL
eik·R

= (2π)3

|a1 · (a2 × a3) |
∑
G

δ3 (k −G)

‡‡ because ai are linearly independent
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Where |a1 · (a2 × a3)| = V is the volume of the unit
cell. However generally it is useful not to perform the
integral over r, and instead define the structure factor :

F {ρ(r)} = (2π)3

V

∑
G

δ3(k −G)S(k)

where

S(k) =
�
unit cell

dx eik·xρ(x)

Reciprocal Lattice Points as Families of Lattice Planes

A family of lattice planes is an infinite set of equally
separated parallel lattice planes, which taken together
contain all points of the lattice.

Furthermore we claim that the family of planes are in
one-to-one correspondence with the possible directions
of reciprocal lattice vectors. The planes are normal to
these reciprocal normal vectors. The spacing between
the lattice planes is d = 2π/∥Gmin∥, where Gmin is
the reciprocal lattice vector that is normal to the set
of planes and has the shortest length.

Lattice Planes and Miller Indices

Let us begin by defining the Miller indices:

(h, k, ℓ) ≡ hb1 + kb2 + ℓb3 = G(h,k,ℓ)

additionally it is customary to write, for example
(1, 1̄, 1) instead of (1,−1, 1). The shortest distance be-
tween planes:

d(h,k,ℓ) =
2π
∥G∥

= 2π√
h2∥b1∥2 + k2∥b2∥2 + ℓ2∥b3∥2

⇝
1

|d(h,k,ℓ)|2
=
(
h

a1

)2

+
(
k

a2

)2

+
(
ℓ

a3

)2

which is an ellipsoid in h, k and ℓ. Note that for cubic
lattices (a1 = a2 = a3) this simplifies to

dcubic(h,k,ℓ) =
a

√
h2 + k2 + ℓ2

There is a point to make here:

1. For unit cells (h, k, ℓ) will describe a family of lat-
tice planes, if and only if h, k and ℓ are (pairwise)
coprime.

2. For non-primitive unit cells h, k and ℓ will ge-
nerally not have to be pairwise coprime. For in-
stance for a bcc crystal with the conventional cell
(0, 1, 0) does not represent a family of lattice pla-
nes, whereas (0, 2, 0) does.

Brillouin Zones

The Brillouin zone is any primitive unit cell of the
reciprocal lattice.

The first Brillouin zone is the set of k points that are
closer to 0 than any other reciprocal lattice point. Si-
milarly the second Brillouin zone is the set of k points
where 0 is the next closest lattice point.

Figur 9: First four Brillouin zones for a square lattice.
Gray: first Brillouin zone, red: second Brillouin
zone, green: third Brillouin zone, lavender: fourth
Brillouin zone.

WAVE SCATTERING BY CRYSTALS

According to Fermi’s Golden Rule the scattering rate,
Γ(k,k′), from k⇝ k′ is given by:

Γ(k,k′) = 2π
ℏ
| ⟨k′|V |k⟩|2δ(Ek′ − Ek)

Where

⟨k′|V |k⟩ = 1
L3

�
dr e−i(k′−k)·rV (r)

Now note that V (r+R) = V (r), for any lattice vector
R. Hence we can rewrite this as

⟨k′|V |k⟩ = 1
L3

(∑
R

e−i(k′−k)·R

)(�
unit cell

dr e−i(k′−k)·rV (r)
)

As before, the first term in parentheses must be zero
unless

k′ − k = G
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which is known as the Laue condition, which is equi-
valent to the conservation of crystal momentum, and
hence |k′| = |k|. We use from before that the structure
factor is given by

S(G) =
�
unit cell

dreiG·rV (r)

The total potential is usually a linear combination of
individual potentials:

V (r) =
∑

atoms j

Vj(r − rj)

from where we get that

S(G) =
∑

atoms j in unit cell
fj(G)eiG·rj

where fj(G) is the Fourier transform of the scattering
potential for atom j:

fj(G) =
�

dr eiG·rVj(r)

ELECTRONS IN A PERIODIC POTENTIAL

Nearly Free Electron Model

A free electron has the following Hamilton and energy
levels:

H0 = ∥p∥2

2m , ε0(k) =
ℏ2∥k∥2

2m

given the three quantisation lengths§§ Lx, Ly and Lz

we can write k as

k = π

(
nxx̂

Lx
+
nyŷ

Ly
+ nzẑ

Lz

)
, nx, ny, nz ∈ Z

Suppose now we perturb the free electron with a peri-
odic potential:

H = H0 + V (r), V (r +R) = V (r)

First note the matrix element

⟨k′|V |k⟩ = 1
L3

�
drei(k

′−k)·rV (r) ≡ Vk′−k

is zero unless k′ − k = G, a reciprocal lattice vector.
This implies that the perturbation will only mix the

§§ For periodic boundary conditions replace π ⇝ 2π

state |k⟩ with |k +G⟩. Thus, if we are far away from
the Brillouin zone boundary we can use non-degenerate
perturbation theory:

ε(k) = ε0(k) + ⟨k|V |k⟩ = ε0(k) + V0

henceforth we will assume that V0 = 0. Second-order
perturbation theory will thus give us

ε(k) = ε0(k) +
∑
k′ ̸=k

| ⟨k′|V |k⟩|2

ε0(k)− ε0(k′)

where k′ naturally is still restricted to be on the reci-
procal lattice.

However, close to the Brillouin zone boundary we have
that

ε0(k) ≈ ε0(k +G)

therefore we need to perform degenerate perturbation
theory. Each state will only be degenerate with one
other state – however, a state can be approximately
degenerate with numerous other states, which would
require us to increase the size of our degenerate space.
However we will stick to two degenerate state, |k⟩ and
|k′⟩. The perturbation matrix is given by

W =

 ⟨k|V |k⟩ ⟨k′|V |k⟩

⟨k|V |k′⟩ ⟨k′|V |k′⟩

 =

ε0(k) VG

V ∗
G ε0(k +G)



The eigenvalues of the perturbation matrix are

E± = ε0(k)± |VG|

where we have assumed∗ that ε0(k) = ε0(k +G).

Not quite at the boundary

This part will be done in one-dimension. If we are δ
away from the Brillouin zone boundary, then it is the
case that

ε0(nπ/a+ δ) ≈ ε0(−nπ/a+ δ)

The unperturbed energies are

ε0(±nπ/a+ δ) = ℏ2

2m

((nπ
a

)2
± 2nπδ

a
+ δ2

)

∗ that the energies are equal, not approximately equal.
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and plugging these into the characteristic polynomial:

E± = ℏ2n2π2

2ma2 ± |VG|+
ℏ2δ2

2m

(
1± ℏ2n2π2

ma2
1

|VG|

)
for small perturbations, compared to the eigenergies of
the free electron, which is exactly what we are looking
at, the second term in the parentheses is greater than
unity.

− 4π
a − 2π

a
0 2π

a
4π
a

Forbidden Gap

Forbidden Gap

Forbidden Gap

k

Figur 10: Dispersion of a nearly free electron model

Note the fact that the dispersion is parabolic close to
the Brillouin zone boundary:

E±(G+ δ) = C± ± ℏ2δ2

2m∗
±
, m∗

± = m∣∣∣1± ℏ2n2π2

2ma2
1

|VG|

∣∣∣
Bloch’s Theorem

The assumption that we can treat electrons as free
particles, and hence describe their wave functions as
planar waves seems rather bold. Especially because we
previously spoke about scattering of electrons due to
impurities. However Bloch’s theorem states that the
eigenfunctions of electrons in a periodic potential is of
the form:

Ψα
k(r) = eik·ruαk(r)

where uαk(r) is periodic in the unit cell and k can be
chosen within the first Brillouin zone. Thus electrons
behave as planar waves, with some periodic modula-
tion of amplitude (and possibly phase, for uαk ∈ C). In
order for uαk(r) to be periodic it must be possible to
write it as a sum over G – every† periodic function has

† Every periodic function with only a finite number of discon-

a Fourier transform:

uαk =
∑
G

ũαG,ke
iG·r

hence an alternative expression of Bloch’s theorem
would be

Ψα
k =

∑
G

ũαG,ke
i(k+G)·r

INSULATOR, SEMICONDUCTOR OR METAL

In short: insulators have filled bands, metals have par-
tially filled bands. Semiconductors are a specific type
of insulator, where the band gap is accessible through
thermal fluctuations at room temperature‡. If the band
gap is below 4eV we classify the insulator as a semi-
conductor.

Energy bands in two and three dimensions

If the unit cell is square, then the reciprocal unit cell
is also square – hence the Brillouin zone is square. If
we now fill up "empty space"with electrons from E = 0
to E = EF we will first fill low energy states, and
then slowly build upwards once all the states filled,
resulting in a circular Fermi-"surface"§. If we now add
a strong periodic potential, we will reduce the band-
energies close to the inside of the first Brillouin zone
boundary, as before, and increase the energies close to
the outside of the first Brillouin zone.

Monovalent atoms

For varying potential strengths in a monovalent lattice
we get:

Figur 11: Left: free electrons. Middle: intermediate potenti-
al. Right: strong potential

Divalent atoms

tinuities per period, which has a bounded variation and must
be absolutely integrable over a period.

‡ The image that only states below the Fermi energy are oc-
cupied is only true at T = 0

§ in 2D the Fermi-surface is a line.
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For varying potential strengths in a divalent lattice we
get:

Figur 12: Left: free electrons. Right: electrons in a very
strong periodic potential

For any potential in the spectrum between no potential
and strong potential, there will be partial filling of the
second Brillouin zone:

Figur 13: Electrons in a square lattice with intermediate po-
tential strength. The red shaded area is the oc-
cupied part of the first Brillouin zone, and the
blue shaded area is the occupied part of the second
Brillouin zone

Here the same principle holds as in 1D: filled bands do
not conduct electricity – for example a divalent square
lattice will not conduct electricity. However, now it is
possible for divalent square lattices to conduct electri-
city, providing the potential is weak enough.

In three dimensions the Fermi surface is a surface,
which behaves similarly to what we discussed now.
Weak potentials have spherical Fermi surfaces. Inter-
mediate potentials will have 6 bulges, which touch the
Brillouin zone boundary for strong potentials.

Failures of the Band-structure picture of metals

We have discussed how to determine the electric pro-
perties of solids, by first calculating the band structure,
which depends on the geometry of the solid, and then
filling the band up with however many electrons we
have, following Pauli’s exclusion principle. From there
we had the simple principle: filled bands are inert.

However, this would cause us to assume that all mo-
novalent lattices are metals, however, we have comple-
tely ignored the interaction between electrons, which
does play a significant role in some systems. An examp-
le of this picture failing is in magnetism: the magnetic
moments of electrons can interact – if they all align

you have a ferromagnet, which shows complexity that
simply cannot be described by our model.

Another example is the Mott insulator: if the electronic
repulsion is so strong in a monovalent lattice that it
simply costs too much to have two electrons at the
same atom (irrespective of spin), then the material will
be inert, even though it is monovalent.

Optical properties of metals and insulators

If a semiconductor has a direct band gap ∆E, then a
photon with this energy can excite an electron from the
valence to the conduction band. Conversely an electron
in the conduction band can de-excite into the valence
band, giving off a photon with the corresponding ener-
gy. Thus if a material has a band gap in the visible
region of the electromagnetic spectrum, this material
will absorb light.

If a material has a band gap greater than ∼ 3.2eV then
light will not interact: the material is transparent. For
example this is the case with diamond and quartz.

Cadmium sulfide has a band gap of 2.6eV which corre-
sponds to green-blue light. Thus CdS appears reddish
(removing green-blue and upwards from white gives
you red).

Metals conduct electricity, and therefore their inter-
action with light is slightly different. The electronic
excitation is quickly undone, such that most absorbed
photons are re-emitted quickly (hence reflected). If all
photons are re-emitted the metal will look silver, like a
mirror. However, some metals do absorb some frequen-
cies, depending on the band structure and potential
strength¶, giving them colours – normally yellow-ish
or red-ish.

SEMICONDUCTOR PHYSICS

Holes

Relativistic quantum mechanics teaches us to think
about negative energy states. And to all of our sur-
prises one often comes across relativistic quantum me-
chanical equations in condensed matter physics. Hence
it is natural to think about these negative energy sta-
tes, in the context of condensed matter physics.

Imagine we have a filled valence band, and an emp-
ty conduction band. Now we excite a single electron,

¶ This is an oversimplified model of metals.
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leaving a hole in its place. Now we can either do our
calculations on the electron in the conduction band, or
on the hole in the valence band. We will get the same
result.

In fact, the negative energy states∗∗ I mentioned pre-
viously are the holes. It can be very convenient to per-
form calculations using holes instead of electrons, and
in fact in some materials it is the holes and not the
electrons that carry current, which is why we had Hall-
coefficients with the wrong sign previously.

Effective Mass of Electrons and Holes

The dispersion relation for an electron near the bottom
of the conduction band can be Taylor expanded:

E = EC
min + α∥k − kmin∥2 + · · ·

which, as we discussed previously leads us to define the
effective mass:

m∗
e = ℏ2

2α

and equivalently we can define the group velocity:

v = ∇kE

ℏ
= 2α(k − kmin)

ℏ
= ℏ(k − kmin)

m∗
e

Similarly the energy of the hole can be Taylor expan-
ded about the maximum of the valence band:

E = EV
max − α∥k − kmax∥2 + · · ·

From here it is conventional to define the hole mass
to be positive, which has some implications later on,
when we discuss hole momentum and velocity. Thus

ℏ2

m∗
h
= −∂

2E

∂k2
⇝ m∗

h = ℏ2

2α

It requires positive energy to push an electron upwards
in the band. Viewing a hole as the lack of an electron
will thus lead us to the conclusion that it requires po-
sitive energy to push a hole downwards in the valen-
ce band. This is rather counterintuitive, but is in fact
the case. Hence holes prefer to maximise their energy,
whereas electrons minimise theirs: The minimal ener-
gy state is an electron at the bottom of the conduction
band and a hole at the top of the valence band.

∗∗ The energy is not exactly negative in this context though –
if you set the zero value of energy to be exactly the middle
between the gaps then it is clear that the hole will have the
negative of the electrons energy.

Momentum of holes

If we remove an electron with momentum ℏk from a
filled valence band the valence band will have momen-
tum −ℏk– remember filled bands carry no momentum.
Thus it is convenient to define

khole = −kelectron

Thus

vhole = vmissing electron

Where we have used that

Eabsence of electron(k) = −Ehole(k)

This is natural, because if we remove an electron then
we decrease the energy by the energy that the electron
had.

Adding electrons or holes: Doping

Imagine a lattice of Silicon atoms, with an occasional
Phosphorous atom. If the concentration of Phosphor-
ous is negligible compared to that of Silicon, then the
impurities will not have a measurable effect on the dis-
persion relation. However, Phosphorous has an additio-
nal electron (and proton), which means that there is a
free electron floating around – this is called n-doping,
because we dope with negative charges.

Similarly, if we dope the Silicon with Aluminium we
will have one fewer electron per Aluminium atom: we
have "added"holes. This is p-doping, because we dope
with positive charges.

Impurity states

The additional charges, both electrons and holes, only
see the impurities – the lattice due to its periodicity is
effectively invisible. However, the lattice does affect the
dielectric constant (ε0 ⇝ ε where ε = ε0εr), which in
turn affects the energy levels and characteristic lengt-
hs. Additionally it is not electrons that are bound by
the impurities, but the quasi-particles made by the hy-
bridised wave-functions: we need to take the effective
mass into account.

For low concentrations of dopants (which is the limit
we require for our model to work anyway) we can tre-
at the impurities as hydrogenic atoms, with a relative
permittivity. We get

Ryeff = Ry
(
m∗

e
m

1
ε2r

)
, Ry ≈ 13.6eV

aeff0 = a0

(
εr
m

m∗
e

)
, a0 ≈ 0.5Å
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For typical materials Ryeff is below 0.1eV and aeff0 is
above 30Å.

These hydrogenic states are added to the band structu-
re. If the material is n-doped the impurity band is just
below†† the bottom of the conduction band (donor im-
purity states), for p-doped materials the impurity band
is just above the top of the valence band (acceptor im-
purity state).

Statistical Physics of Electrons and Holes

If the chemical potential is "well"below the conduction
band (β(εc−µ) ≫ 1) we can approximate Fermi-Dirac
statistics by Boltzmann statistics, which gives us the
standard expression for the total density of electrons
in the conduction band:

n(T ) = 1
4

(
2m∗

ekBT

πℏ2

) 3
2

e−β(εc−µ)

We used the density of states of the conduction band
in the calculation (n(T ) =

�∞
εc

dεgc(ε)nF (β(ε − µ))).
When we calculate the total density of holes in the
valence band we need to use the density of states of the
valence band and replace the Fermi-Dirac distribution
by 1 − nF – the states not occupied by electrons are
occupied by holes. From here we get

p(T ) = 1
4

(2m∗
hkBT

πℏ2

) 3
2

e−β(µ−εv)

the two different exponents are due to the limits of
integration (the conduction band is integrated from εc
to infinity, whereas the valence band is integrated from
−∞ to εv). An important quantity is

n(T )p(T ) =
(
m∗

hm
∗
e
) 3

2

16

(
2kBT
πℏ2

)3

e−βEgap , Egap = εc − εv

This is the law of mass action. In order to see that
this is a law of mass action, consider an intrinsic semi-
conductor (the number of holes equals the number of
electrons): Now think of the following reaction:

e− + p+ ⇝ 0

where p+ is the hole and [e−] = n(T ) and [p+] = p(T ).
The concentration [e−p+]0 = 1, so

[e−][p+]
[e−p+]0 = n(T )p(T ) = K(T )

†† The effective Rydberg constant is usually much smaller than
the band gap.

Intrinsic semiconductors

As mentioned before n = p for intrinsic semicon-
ductors, hence by dividing our expressions for n(T )
and p(T ) and taking the logarithm we can solve for
µ(T ):

µ(T ) = 1
2 (εc + εv) +

3
4kBT ln

(
m∗

h
m∗

e

)
At T = 0 the chemical potential lies exactly between
the extrema of the conduction and valence bands.

Interestingly enough for m∗
h = m∗

e , which means the
shape of the bottom of the conduction is the same as
the top of the valence band, there is no temperature
dependence of the chemical potential.

Doped semiconductors

We can define the doping, D:

D = n− p

Negatively doping a material will begin to fill the con-
duction band from the bottom, which results in the
chemical potential rising up towards the conduction
band. Similarly positively doping a material will in-
crease the number of holes in the valence band, which
in turn causes the chemical potential to fall towards
the top of the valence band.

SEMICONDUCTOR DEVICES

Designing Band Gaps

The band gaps of GaAs and AlAs are 1.4eV and 2.7eV
respectively. Both have direct band gaps at k = 0. If we
now were to mix these two materials to AlxGa1−xAs
one could hope that the band gap is given by the con-
vex combination:

Egap(x) = (1− x)1.4eV + x2.7eV, x ∈ (0, 0.4)

This turns out to be approximately true, for x between
0 and 0.4. Therefore by choosing the relative concen-
trations we can engineer a semiconductor with a band
gap anywhere in the interval (1.4eV, 1.92eV).

Using this we can create a sandwich with AlxGa1−xAs
on each side of GaAs. The energy gap will have an
abrupt dip, in which one can fill with bound electron
states. Effectively you can use this method to make a
finite well potential. The importance is that electrons
in the conduction band see the bottom of the band as
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a potential as a function of position, which they can
be trapped in, or scattered by.

p-n junction

Putting an n-doped material into contact with a p-
doped material has some very interesting effects. The
n-doped material has:

1. A filled valence band

2. A mostly empty conduction band

whereas a p-doped material has:

1. A mostly filled valence band (mostly empty if
you’re thinking about holes)

2. An empty conduction band (full if you’re thin-
king about holes)

When these are brought into contact the electrons in
the n-doped material’s conduction band will begin to
annihilate the holes in the p-doped material’s valence
band. This results in a depletion zone – a zone where
all the holes and electrons have been annihilated. In
this depletion zone there will be an electric field, poin-
ting from n-doped towards p-doped. This electric field
obstructs further electrons from travelling through the
depletion zone (and similarly prevents holes from doing
so). The electric field is such that the electrochemical
potential (µ−eφ) is equal on each side of the depletion
zone, where φ is the electric potential.

Solar Cell

If one applies light to a p-n junction electron-hole pairs
may appear (if the photon energy is greater than the
band-gap). Once this pair is created, and if they have
enough kinetic energy to avoid each other initially, they
will be accelerated in opposite directions by the electric
field in the depletion zone: electrons are sent towards
the n-doped region whereas holes are sent towards the
p-doped region. This results in a current going from n
to p. This is, in principle, how photovoltaics work.

The Diode

By applying an additional, external, electric potential
(voltage) to a p-n junction, and by applying it in the
opposite direction of the electric field in the depletion
zone one can get electrons (holes) to pass through the
depletion zone and enter the p- (n-) doped material.
Once they are there they will annihilate with holes
(electrons). This results in a net current from p to n.

The probability of this event occurring is proportional
to e−(Egap−eV )/kBT , where V is the applied voltage.

It is also possible for another effect to occur: an
electron in the p-doped side is thermally excited in-
to the conduction band. Once it is here it is free to
move and the electric field in the depletion zone will
accelerate it to the n-doped side. This however requires
electrons (and holes) to thermally excite, which has a
probability that is proportional to e−Egap/kBT .

Combining the two effects we get

Itotal = Js(T )
(
eeV/kBT − 1

)

where Js ∝ e−Egap/kBT . This is known as the "Diode
equation"and says that current flows far more easily
from p to n, than the other way resulting in a very
important electric component.

Transistor

A transistor is a component with three terminals (sour-
ce, drain and gate). You can build a transistor by put-
ting an n-doped semiconductor between two p-doped
semiconductor, or vice versa. The former is called a p-
MOSFET, and the latter a n-MOSFET. We will focus
on the n-MOSFET:

Figur 14: n-MOSFET. Red: n-doped semiconductor. Blue:
p-doped semiconductor. White: depletion zone.
Gray: Oxide insulator. Orange: Metal Gate. The
two n-doped semiconductors are the source and
drain terminals.

Applying a positive voltage to the metal gate will push
away positive charges in the top of the p-doped semi-
conductor. Once V > Vthreshold this will breach a gap
through which current can flow:
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Figur 15: n-MOSFET with positive voltage at the metal ga-
te. Red: n-doped semiconductor. Blue: p-doped se-
miconductor. White: depletion zone. Gray: Oxide
insulator. Orange: Metal Gate. The two n-doped
semiconductors are the source and drain termi-
nals.

And that is how a n-MOSFET works. Oh, and MOS-
FET stands for Metal on top of Oxide Insulator on top
of a Semiconductor- Field Effect Transistor.

Remember:

N = V

� ∞

0
dεg(ε)nF (β(ε− µ))

N = 2Ld

(2π)d

�
ddk nF (β(ε(k)− µ))

⟨E⟩ = V

� ∞

0
dεεg(ε)nF (β(ε− µ))

⟨E⟩ = 2Ld

(2π)d

�
ddk ε(k)nF (β(ε(k)− µ))
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