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I. QUANTISATION OF THE
ELECTROMAGNETIC FIELD

The ultraviolet catastrophe as well as the photo-
electric effect motivated physicists to try and ret-
hink the theory of electromagnetism. Physicists rea-
lised that the Fourier decomposition of a vector poten-
tial that satisfies Maxwell’s equations:

A(x, t) =
∑
λ

� d3k
(2π)3

(
ak,λe

ik·x + a∗k,λe−ik·x
)

can be expressed as a Harmonic Oscillator, by intro-
ducing the following variables:

Qk = akλ + a∗kλ ⇝ Q̇k = Pk

Pk = −iωk (akλ − a∗kλ) ⇝ Q̇k = −ωk2Qk

where we’ve used that ȧk = iωkak. This means that
the coefficients in the vector potential above can be
expressed as a Harmonic Oscillator Hamiltonian:

H = 1
2

� d3kn
(2π)3

(
P 2

k + ω2
kQ

2
k

)
which in fact can be written as

H = 1
2

�
d3x

(
E2 +B2)

which we know to be the total energy of the electro-
magnetic field. We know how to quantise Harmonic
Oscillators, we transform from Poisson Brackets to
commutators:

[Q̂k, P̂k′ ] = iℏ(2π)3δ(3)(k − k′)

and the Hamiltonian becomes an operator. As we did
for the regular harmonic oscillator, this can be expres-
sed in terms of bosonic creation and annihilation ope-
rators:

Ĥ =
� d3k

(2π)3 ℏωk

∑
λ=1,2

(
â†kλâkλ + 1

2

)
whence we can define the vector potential operator

Â(x, t) =
� d3k

(2π)3
√
2ωk

(
âkλ(t)eik·x + â†kλe

−ik·x
)

Clearly the quantum of light, a photon, is a boson,
therefore we describe the many body state by a bosonic
Fock state, where occupation numbers can be any non-
negative integer. The creation operators, â†kλ creates a
photon with wave-vector k and polarisation λ, whereas
the annihilation operator annihilates the same photon.

II. DIRAC EQUATION

The Schrödinger Equation describes the dynamics of
non-relativistic quantum mechanical particles, but at
the time there was no way of describing relativistic
quantum mechanical particles. The only equation one
had that came close was the Klein-Gordon Equation

(□+m2)φ = 0, □ = ηµν∂µ∂ν

However, the issue with the Klein-Gordon equation
was not that it predicted negative energy states, but
that superposition states that included both positive
and negative energy states did not have probability
conservation. This is an issue because the leading in-
terpretation at the time was the probabilistic interpre-
tation of quantum mechanics.

Dirac’s trick to “take the square root of the Klein-
Gordon Equation"was that he needed to use matrices
as coefficients. Consider
(αipi + βm)2 = p2i +m2

= β2m2 +
∑
i

α2
i p

2
i + {αi, β} pim+

∑
j

{αi, αj} pipj

hence we require that β2 = ⊮, {αi, αj} = 2δij⊮ and
{αi, β} = {αi, αj} = 0. By multiplying by β from the
left we obtain the γ-matrices:

γ0 = β, γi = βαi

with these matrices we see that the matrices required
for the Dirac Equation satisfy the Clifford Algebra:

{γµ, γν} = 2ηµν⊮
It can be shown that αi, β as well as γµ must be 4× 4
matrices if we require (3 + 1)-spacetime dimensions.
Additionally we have that

αi = σx ⊗ σi, β = σz ⊗ ⊮

(and corresponding relations for the γ-matrices). The
fact that the Pauli matrices appear is not a coinciden-
ce, in fact if we were to look at the non-relativistic li-
mit of the Dirac equation the 4-component differential
equation would split into two 2-component differenti-
al equations: the first one is the Pauli Equation, given
below, and the second one is approximately zero:

H = 1
2
(
(p− qA)2 − qℏσ ·B

)
+ qφ

we see that the Dirac Equation inherently describes
spin, and its interaction with the electromagnetic field.
The Dirac equation is

HDirac = α · p+ βm

but the Dirac Equation is often written as
(γµpµ −m)ψ = 0
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A. Useful γ-matrix identities

The relation between the α and β-matrices and the
γ-matrices is

γ0 = β, γi = βαi

We often need to calculate traces of different combina-
tions of γ-matrices

Tr [γµ] = 0
Tr [γ5] = 0

Tr [γ5γµ] = 0
Tr [γµγν ] = 4ηµν

Tr [γ5γµγν ] = 0
Tr [γµγνγργσ] = 4 (ηµνηρσ − ηµρηνσ + ηµσηνρ)

Tr [γµγνγργσγ5] = −4iεµνρσ

γµ = γµ

The “fifth"γ-matrix is defined as

γ5 = iγ0γ1γ2γ3

and it behaves very much like other γ-matrices; it squa-
res to the identity and anti-commutes with the other
γ-matrices. Due to the fact that γ5 is an involutory
matrix, it has eigenvalues ±1. It turns out that these
eigenvalues represent the chirality of the left and right
spinors:

γ5ψL = −ψL, γ5ψR = ψR

All 4 × 4 matrices can be written as a line-
ar combination of the following set of matrices
{⊮, γµ, γ5, γµγ5, [γµ, γν ]}, i.e

M = a0⊮+ aµγ
µ + a5γ5 + aµ5γ

µγ5 + aµν [γµ, γν ]

We can find the coefficients by means of

Tr[M ] = 4a0, Tr[Mγµ] = 4aµ, Tr[Mγ5] = 4a4
Tr[Mγνγ5] = −16aν5

and similar identities for the remaining matrices in the
basis.

We will also have to use

1
2 Tr

[
γ0γµγ

0γν
]
pµqν = 2 [EpEq + (p · q)]

B. Dirac Conjugation

It turns out that the bilinear we are used to using
ψ†ψ is not Lorentz invariant, therefore we introduce
the Dirac conjugate ψ̄:

ψ̄ ≡ ψ†γ0

Its main property is that

(U 1
2
ψ)†γ0 = ψ̄U−11

2

where we have defined the following unitary matrix

U 1
2
(ω) ≡ exp

(
i

2ωijS
ij

)
Using the this new conjugation we can build scalars,
vectors and tensors:

ψ̄ψ : Scalar
ψ̄γµψ : Four-vector

ψ̄[γµ, γν ]ψ : Anti-symmetric tensor
ψ̄γ5ψ : Pseudoscalar

ψ̄γ5γ
µψ : Pseudovector

1. Dirac Conjugation for Matrices

Similarly we can define Dirac conjugation for matrices

X̄ = γ0X†γ0

for some matrix X. Some useful identities are

γ̄µ = γµ

and

(ū1Xu2)∗ = ū2X̄u1

2. Slashed Quantities

To shorten our notation we define slashed quantities

γµ∂µ → /∂

γµpµ → /p

(γµpµ)(γνpν) → (/p)2 = p2

(iγµ∂µ −m) → (i/∂ −m)
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C. Spin & Lorentz Transformations

Let us introduce the relativistic spin matrices

Σj =
i

4εjkℓγ
kγℓ = i

8εjkℓ[γ
k, γℓ]

We showed that

Σ2 = 1
2

(
1 + 1

2

)
, [Σj ,Σk] = iεjkℓΣℓ

which implies that the Dirac Equation describes spin-
1/2 particles. The spin alone does not commute with the
Dirac Hamiltonian, it is the total angular momentum
J = L+Σ that is a conserved quantity.

However, the Dirac spinor has four components as it
describes a positive energy state, together with a nega-
tive energy state; an electron and a positron. However,
even though we can write the spinor as a vector with
four components:

ψ(x) =

ψ1(x)
ψ2(x)
ψ3(x)
ψ4(x)


it is not the case that spinors transform under Lorentz
transformations in the same was a four- vectors do.
Regular four-vector transform as follows:

xµ → Λµ
νx

ν

however, spinors transform as spinors:

ψ → exp
(
i

2ωµνS
µν

)
ψ

where ωµν contains all information about the Lorentz-
angles, and

Sµν ≡ i

4 [γ
µ, γν ]

However, we need the Dirac Equation to be Lorentz
invariant, which means we need to establish how the
the rest of the Dirac Equation changes under Lorentz
transforms, such that the entire equation is invariant.
In the lectures we found this by simplifying this by
only look at the Weyl Equation.

D. Weyl Equation

The Weyl-Equation is the zero-mass limit of the Dirac
Equation, where the Dirac Equation becomes block di-
agonal and it splits into two independent equations

iσµ∂µψR = 0, īσµ∂µψL = 0

where

σµ ≡ (⊮,σ), σ̄µ ≡ (⊮,−σ)

It turns out that there exists a group of matrices that
describe the transformation of these Pauli vectors un-
der Lorentz transformations

σµ → Λµ
νσ

ν = SσµS†

where detS = 1. It turns out that Ψ =
(
ψL

ψR

)
trans-

forms like

Ψ →
(
SL 0
0 SR

)
Ψ

where SL(β, φ) = S(β, φ) and SR(β, φ) = S(−β, φ)
and

S(dβ,dφ) = ⊮+ adβ · σ + ibdφ · σ, a, b ∈ R

for some infinitesimal rotation parametrised by dβ and
dφ. β parametrises the boost part and φ the rotational
part of the transformation.

E. Parity Transformation

Under parity transformations we go from a left spi-
nor to a right spinor. This also implies that SR and
SL transform into each other under parity transforma-
tions. Equation IID also holds in the massive case; The
left and right spinors aren’t mixed by Lorentz trans-
formations.

F. Lorentz Algebra

The Lorentz algebra describes the generators of the
Lorentz group, that is

Λα
β ≈ δαβ + i

2ωµν(Mµν)αβ

where the generators Mµν satisfy

[Mµν ,Mρσ] = i (ηνρMµσ − ηµρMνσ + ηµσMνρ − ηνσMµρ)

the generators are antisymmetric in their indices
Mµν = −Mνµ. There are 6 generators, but they split
into two set of three generators; those with only spatial
indices generate rotations (Lk), whereas those with a
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temporal index generate boosts (Kk).

Mµν =

 0 K1 K2 K3
−K1 0 L3 −L2
−K2 −L3 0 L1
−K3 L2 −L1 0



Lk ≡ 1
2εijkM

ij , Ki ≡M i0

The algebra has different representations, that can cha-
racterised by a pair of (half)-integers, (j, j′). The lowest
of which are

(0, 0)︸ ︷︷ ︸
scalar

,

(
1
2 , 0
)
,

(
0, 12

)
︸ ︷︷ ︸

spinor

,

(
1
2 ,

1
2

)
︸ ︷︷ ︸

vector+scalar

For the spinor representation we denote the generators
as Sµν , these are the same Sµν as the ones defined
previously.

G. Electromagnetic Interactions

Similarly to non-relativistic quantum mechanics the
substitution from kinematic to canonical momentum
pµ → pµ − eAµ accounts for electromagnetic intera-
ctions (at least if the right Gauge is chosen), hence

(pµγµ − eAµγ
µ −m)ψ = 0

Written as a Hamiltonian

HDirac,A = HDirac + eA0 − eα ·A

H. Solving the Free Dirac Equation, Rest-Frame

In the rest-frame∗ the Dirac Equation just becomes(
0 m
m 0

)(
uL
uR

)
= E

(
uL
uR

)
There are two solutions

E = m, uL = uR

E = −m, uL = −uR

where the spinor uL = ξ is arbitrary. There are two li-
nearly independent and orthogonal spinors ξ, the simp-
lest example is

ξ1 =
(
1
0

)
, ξ2 =

(
0
1

)

∗ For a specific representation of the Clifford Algebra

So the positive energy solutions are

ψ+
s (x, t) = e−imt

(
ξs
ξs

)
, s = 1, 2

and the negative energy solutions are

ψ−s (x, t) = eimt

(
ηs
−ηs

)
, s = 1, 2

generally ξs and ηs are two sets of linearly independent
spinors. Using the z-component of the spin-operator
defined in Equation IIC we see that

Σzψ
±
s =

{
+ 1

2ψ
±
s , s = 1

− 1
2ψ
±
s , s = 2

hence for a general ξs the state describes a linear com-
bination of up and down spin particles (anti-particles).

I. Spinors; Positive and Negative Modes

A general plane wave solution to the free Dirac equa-
tion is:

(i/∂ −m)ψ(p)e−ip·x = e−ip·x(/p−m)ψ(p) = 0

which only has solutions if the particle is on-shell, i.e
if

det
(
/p−m

)
= (p2 −m2)2 = (E2 − p2 −m2)2

so

E = ±
√
p2 +m2

hence we can decompose the planar wave solution into
the positive and negative modes

ψ(x) = u(p)e−ip·x + v(p)e+ip·x, pµ = (
√
p2 +m2,p)

applying the Dirac Hamiltonian

(i/∂ −m)ψ(x)
= e−ip·x(/p−m)u(p)− e+ip·x(/p+m)v(p) = 0

due to the fact that the two exponentials are linearly
independent we know that their coefficients must both
be equal to zero, hence

(/p−m)u(p) = 0
(/p+m)v(p) = 0

which also holds independently for each spin, s.

(/p−m)us = 0, ūs(/p−m) = 0
(/p+m)vs = 0, v̄s(/p+m) = 0
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1. Orthonormality

The spinors u and v must be orthogonal and normali-
sed:

ūsus′ = 2mδss′ , v̄svs′ = −2mδss′

A similar identity holds when we are dealing with mas-
sless particles

u†s(p)us′(p) = 2E(p)δss′ , v†s(p)vs′(p) = 2E(p)δss′

If you’re missing a minus in Equation II I 1, that is
because v has negative energy. Hence if we want to
require that ψs(x) still describes a probability ampli-
tude, we must have that, for example

ψs(x) =
1

√
2EV

use
−ip·x

where we’ve assumed that the spinor part us satisfies
Equation II I 1.

J. Charge Conjugation

Observe that v∗e−ip·x has positive energy, however, it is
not the case that ψ∗ satisfies the positive-energy Dirac
equation. Instead we need to transform

ψ → −iγ2ψ∗ ≡ ψc

to go from a negative energy state to a positive energy
state (and vice-versa). As the name hints towards, the
charge conjugation transformation flips the sign of the
charge of a particle, i.e if(

i∂ − e /A−m
)
ψ = 0 =⇒

(
i∂ + e /A−m

)
ψc = 0

III. PERTURBATION THEORY

A. Fermi’s Golden Rule & Coulomb Scattering

A central quantity in Relativistic Perturbation Theory
is the number of transitions per unit time, which can
be calculated by means of Fermi’s Golden Rule:

dwf←i = 2π | ⟨f |V|i⟩|2 δ(E(0)
f − E(0) − Ω)dΠf

where V is some perturbation and Ω is the driving
frequency: we’ve assumed that V is a harmonic pertur-
bation with frequency Ω. We have also introduced the
density of final states

dΠf = g
V d3kf
(2π)3

where V is some volume and g is the internal degene-
racy (g = 2 for spin-1/2 particles). Fermi’s Golden Rule
is often quoted in the continuous limit, where we take
Ω → 0

dwf←i = 2π |Vfi|2 δ(E(0)
f − E(0))dΠf

In the case of the Dirac Equation, an electromagnetic
perturbation is given by

V = eγ0γµAµ(x)

the simplest example is if we consider a state electric
field;

V = eA0(x)⊮, A0(x) =
Ze

4π |x|

Our initial and final states are

ψi(x) =
√

1
2EiV

us(pi)e−ipi·x,

ψ̄f (x) =

√
1

2EfV
ūr(pf )eipf ·x

where pi = (Ei,pi), pf = (Ef ,pf ). This gives us the
following expression for the matrix element

Vfi =
Ze

4π
1
V

√
1

4EiEf
ūf (pf )γ0ui(pi)

4π
|q|2

where q = pf − pi is the transferred momentum, and
the last term came from the Fourier transform of the
Coulomb potential. In reality we are interested in the
squared matrix element

|Vfi|2 = 1
4EiEfV 2

∣∣ūf (pf )γ0ui(pi)∣∣2 ∣∣∣∣4πZαq2

∣∣∣∣2
where α = e2

ℏc is the fine-structure constant. We see
that this interaction is of order α2.

1. Spin Sums & The Controversial Trace-Trick

In Equation IIIA the initial spinor has spin s whereas
the final has spin r, which gives us a matrix-element
of the form

|M|2 =
∣∣ūrγ0us∣∣2

it is standard to average over initial sums and sum over
final sums. We denote that we have performed this spin
sum by setting a bar over the matrix element, i.e
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|M|2 ≡ 1
2
∑
s

∑
r

∣∣ūrγ0us∣∣2
Additionally, ūrγ0us ∈ C, which means that

Tr
[∣∣ūrγ0us∣∣2] = ∣∣ūrγ0us∣∣2

Using the cyclicity of the trace we can instead write∣∣ūrγ0us∣∣2 = Tr
[
urūrγ

0usūsγ
0]

Note that usūs is a matrix, which once we sum over
spins becomes∑

s

us(p)ūs(p) = /p+m,
∑
s

vs(p)v̄s(p) = /p−m

Thus the spinor part of Equation IIIA becomes

|ur(pf )γ0us(pi)|2 = 1
2 Tr

[
γ0(m+ /pi)γ

0(m+ /pf )
]

now we can use the γ-matrix trace identities from
Equations 1 to obtain

|urγ0us|2 = 4E2
i

(
1− |pi|2

E2
i

sin2
(
θ

2

))
where we’ve used energy conservation to set the two
energies equal. To obtain this result we used Equation
IIA.

B. Cross-Section

The cross-section is defined as the number of particles
scattered into solid angle dΩ divided by the total flux
of incoming particles. The flux of a single particle is

Φ = ūsγus
2EiV

= 1
V

pi
Ei

= v

V

The cross-section is then

dσ =
dwf←i

|Φ|

again looking at the Coulomb scattering example we
get that

dwf←i =
1
V

4Z2α2

q4

(
1−

p2i
E2

i

sin2
(
θ

2

))
|pi|EidΩ

and hence

dσ
dΩ = 4Z2α2

q4

(
1−

p2i
E2

i

sin2
(
θ

2

))

We can attempt to write this in a more general form,
by recognising that a part of the expression came from
the Fourier transform of the potential

dσ
dΩ = E2

4π2 |eA0(q)|2
(
1− β2 sin2

(
θ

2

))
, β ≡ |pi|

Ei

in the non-relativistic limit, β → 0, this reduced to the
classical Rutherford formula.

C. Scattering off an Arbitrary Potential

Consider now a general electromagnetic scattering pro-
cess, where the matrix element becomes

Vfi =
1
V

√
1

4EiEf
ūr(pf ) γµ us(pi)

�
d3x Aµ (x)eix·(pi−pf )

thus we are now interested in
1
2
∑
rs

(ūrγµus) (ūrγνus)∗ =
1
2 Tr

[
γµ(/pi +m)γν(/pf +m)

]
= 2

[
ηµνm2 + pµi p

ν
f + pνi p

µ
f − ηµν(pi · pf )

]
this gives us Vfi and hence we can calculate dwf←i.

D. Electron-Muon Scattering

Unfortunately, in order to describe electron-muon scat-
tering we need to make our methods slightly more sop-
histicated, this is because the matrix element

⟨electron|interaction|muon⟩ = 0

always, irrespective of the interaction. That is,
electrons and muons do not interact directly, their in-
teraction must be mediated by a particle that they
both interact with; the photon (for example). Our sta-
tes are now multi-particle states, we must keep track
of the number of electrons, muons and photons:

|Ψ⟩ ≡
∣∣e−〉⊗ |γ⟩ ⊗

∣∣µ−〉
the initial and final states are

|i⟩ = |e(p)⟩ ⊗ |0⟩ ⊗ |µ(q)⟩
|f⟩ = |e(p′)⟩ ⊗ |0⟩ ⊗ |µ(q′)⟩

however, due to the fact that the particles do not inte-
ract directly our interaction must involve an interme-
diate state

|n⟩ = |e(pn)⟩ ⊗ |γ(kn)⟩ ⊗ |µ(qn)⟩
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Due to the intermediate state(s) we need to use the
second order equivalent of Fermi’s Golden Rule:

dwf←i = 2π

∣∣∣∣∣∑
n

⟨f |V |n⟩ ⟨n|V |i⟩
Ei − En

∣∣∣∣∣
2

δ(Ei − Ef )dΠf

the sum is over all possible intermediate states. The
interacting Dirac Hamiltonian in this case is

H = α · p+ βm− eβγµAµ(x)

where

Aµ(x) =
∑
λ

� d3k
(2π)3√ωk

[
ε
(λ)
µ ake

−ik·x + ε
(λ)∗
µ a†ke

+ik·x
]

where the two polarisation vectors satisfy ε(λ)µ · kµ = 0
and ε(λ)µ ·

(
εµ(λ′)

)∗
= −δλλ′ .

However, this holds both for the electron and the
muon, so Aµ is the quantity that couples the otherwise
independent particles. We will denote the γ-matrices
for the electron as γµ and for the muon as Γµ. One
should think of these as

γµ = γµ ⊗ ⊮, Γµ = ⊮⊗ γµ

i.e that they are the same quantities but live in diffe-
rent Hilbert Spaces; however these Hilbert Spaces are
mixed due to the interaction. Define the matrix ele-
ment M1 as

M1 ≡
∑
λ

� d3k
(2π)3

VinVnf
Ei − En

which can be shown to be equal to

M1 = (2π)3δ(3)(p+ q − p′ − q′)
8ωkV 2√EeE′eEµE′µ

ei(Ei−Ef )t×

∑
λ

εµε
∗
ν

(ūsγµus′)
(
ŪrΓνUr′

)
(Ee − E′e)− ωk

∣∣∣∣∣
k=q′−q=p−p′

we can ignore the ei(Ei−Ef )t due to the energy conser-
vation delta function in Fermi’s Golden Rule. We need
to square this quantity and then use all of our tricks
to simplify this. Another useful identity is that∑

polarisations
εµε
∗
ν → −ηµν

this is not an equality, but we can replace the polarisa-
tion sum by the Minkowski metric and still obtain the
same answers.

The term M1 corresponds to the emission of a photon
by the electron (and hence absorption by the muon),
however the opposite process is also possible, so we
define

M2 = (2π)3δ(3)(p+ q − p′ − q′)
8ωkV 2√EeE′eEµE′µ

ei(Ei−Ef )t×

∑
λ

εµε
∗
ν

(ūsγµus′)
(
ŪrΓνUr′

)
− (Ee − E′e)− ωk

∣∣∣∣∣
k= − (q′−q)= − (p−p′)

Due to the fact that ωk = |k| the photon energies
are (naturally) the same in the two processes, thus the
total matrix element is

M = M1 +M2 = (2π)3δ(3)(p+ q − p− q′)×
(ūsγµus′)
2V
√
EeE′e

(ŪrΓµUr′)
2V
√
EµE′µ

e2

(p− p′)2

notice that the last product in the expression above
is the Green’s function of the wave equation. Now we
need to square the matrix element and perform the
spin sum†. We obtain

|M|2 = (2π)6

16V 4
I
(e)
µν

EeE′eEµE′µ

Iµν(µ)

(p− p′)4
[
δ(3)(p+ q − p′ − q′)

]2

where we have defined

I
(e)
µν ≡ 1

2 Tr
[
γµ(m+ /p)γν(m+ /p

′)
]

Iµν(µ) ≡
1
2 Tr

[
Γµ(M + /q)Γν(M + /q

′)
]

the squared delta-function gives us a factor V once we
integrate. Putting this altogether we get hat

dwf←i =
(2π)4

V

e4I
(e)
µν I

µν
(µ)

2Ee 2Eµ

δ(4)(p+ q − p′ − q′)
(p− p′)4 dΠLIPS

where

dΠLIPS = d3p′

(2π)3(2E′e)
d3q′

(2π)3(2E′µ)

Equation IIID is almost Lorentz invariant, it is only
the volume and the 2Ee 2Eµ that is non-Lorentz invari-
ant. This issue is solved by looking at the cross-section
instead; the flux in this case us

Φ = 1
V

∣∣∣∣ pEe
− q

Eµ

∣∣∣∣
† here we have two initial spins and two final spins so the spin
sum corresponds to 1

4
∑

srs′r′
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which can be written as

V E1E2Φ =
√

(p · q)2 −m2M2

In the limit where the electron is relativistic we can
simplify the I terms:

I2 = 8M2
[
(Ee − E′e)2 + 2EeE

′
e cos2

θ

2

]
putting this all together and integrating with respect
to the muon momentum and energy we obtain

dσ
dΩ = α2

4E2
e sin4 θ/2

E′e
Ee

(
cos2 θ2 + Q2

2M2 sin2 θ

2

)
where

Q2 = 2MEe

(
1− M

M + 2Ee sin2 θ/2

)

E. Feynman Diagrams

Feynman Diagrams are tools that we will use to sim-
plify the process of obtaining an expression for the
squared matrix element. The convenient thing is that
complicated processes can be expressed pictorially, and
that the complicated processes can then quite easily be
converted to a mathematical expression.

For a 2 → N ≥ 2 process we have that

dσ =
(2π)4δ(4)

(
p1 + p2 −

∑N
i=1 p

′
i

)
4
√
(p1 · p2)2 −m2

1m
2
2

|M|2
N∏
i=1

d3p′i
(2E′i)(2π)3

all of these quantities are assumed to be known expect
the squared matrix element; Feynman Diagrams help
us find this. Similarly if we want to calculate a decay
rate for a 1 → N ≥ 2 process we have

dΓ = (2π)4

2M δ(4)

(
P −

N∑
i=1

p′i

)
|M|2

N∏
i=1

d3p′i
(2E′i)(2π)3

for an initial particle with massM and P = (M, 0, 0, 0)
(at rest)

1. Feynman Rules for Quantum Electrodynamics

We need to distinguish between internal and external
lines. External lines are lines that are only connected

to the diagram at one of its two vertices. Internal li-
nes are connected at both vertices and describe virtual
particles.

1. a. Each incoming spinor is denoted by us, Ur, . . .

b. Each incoming photon is denoted by εµ, . . .
2. a. Each outgoing spinor is denoted by ūs′ , Ūr′ , . . .

b. Each outgoing photon is denoted by ε∗µ, . . .
3. At each vertex write (−ieγµ) for µ, ν, . . .
4. Start at the end of a fermion line and follow the lines

backwards. Write whatever appears from left to right
5. Internal lines get propagators:

photons : −iηµν
q2 + iε

fermions :
i(/q +m)

q2 −m2 + iε

where q is chosen such that momentum is conserved
at each vertex and the photon indices match the γµ

indices at the vertices from before
6. Set this all equal to iM

Tabel I: Feynman Rules: QED

IV. FERMI THEORY

Prior to Fermi theory β-decay wasn’t properly under-
stood; one assumed that β-decay occurred due to a
contact force between for instance an incoming neut-
ron and the three products, a proton an electron and
an anti-electron-neutrino.

Though this model had some promising predictions
(that fit very well to data) there was a fundamental
flaw with the model: the cross section did not conform
to the unitarity (Froissart) bound which implies there
was something fundamentally wrong with the way of
thinking about what was later to become weak intera-
ctions. This will lead us to the prediction and discovery
of the W -boson.

Before we describe this, let us talk about parity vio-
lation. All theory we have learnt thus far is invariant
under parity transformations (x → −x, E → −E,
B → B, p → −p, S → −S etc.). However, parity
is violated by weak interactions, instead it is charge-
parity that is a symmetry of weak interactions‡. This
tells us that left & right particles are distinct for weak

‡ It turns out that CP-symmetry also is violated
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interactions; in fact the weak force only couples to left
particles.

By introducing a massive particle, theW -boson we can
solve the unitarity issue, which adds the following to
the Feynman Rules

1. c. Each incoming W -boson is denoted by εµ, . . .
2. c. Each outgoing W -boson is denoted by ε∗µ, . . .
3. At each weak-interaction-vertex write

ig

2
√
2
γµ(⊮− γ5)

4. Same as before
5. Internal lines get propagators:

W -bosons : − i
ηµν − pµpν

M2
W

q2 −M2
W + iε

neutrinos : i
/q

q2

where q is chosen such that momentum is conserved
at each vertex and the photon indices match the γµ

indices at the vertices from before
6. Same as before

Tabel II: Feynman Rules: W -bosons

W -boson spin sums give us∑
λ

εµε
∗
ν =

(
−ηµν +

kµkν

M2
W

)

The coupling constant g is called the weak coupling
constant and is related to the Fermi-g factor through

8GF√
2

= g2

M2
W c4

, GF ≈ 1.16× 10−5GeV−2

A. Mandelstam Variables

Figur 1: A generic 2 → 2 process

Consider a 2 → 2 process. It is useful to define

s = (p1 + p2)2

t = (p1 − k1)2

u = (p1 − k2)2

For instance if

=

we get§ that the momentum of the boson in the middle
has momentum k2 = s, which is why this is called the
s-channel diagram. Similarly if

=

the boson has momentum k2 = t – this is the t-
channel¶. Finally

=

we have k2 = u – the u-channel. This is just like the
t-channel except that the last two particles were swap-
ped around.

B. Gauge Invariance and Gauge Fields

As we have seen in regular quantum mechanics, we
would like our observables to be invariant under Gauge
transformations of the form

ψ(x)⇝ ψ(x)eieΓ(x)

which implies the presence of an extra gauge field
which transforms as

A⇝ A+∇Γ(x)

which means that we should replace partial derivati-
ves to the covariant derivative, similarly to in General
Relativity

∂µ ⇝ Dµ ≡ ∂µ − ieAµ

which implies that the Dirac Equation transforms as

[iγµ∂µ −m]ψ = 0⇝ [iγµ(∂µ − ieAµ)−m]ψ = 0

§ In the relativistic limit |M|2 = 8e4 t2+u2

s2

¶ In the relativistic limit |M|2 = 8e4 s2+u2

t2



10

This implies that simply because we require our phy-
sics to be invariant under gauge transformations we
see that our particles interact with a new field, this is
known as minimal coupling or gauge interactions.

It is natural to define the slashed covariant derivative,
just like we did for other quantities

/D ≡ γµ(∂µ − ieAµ(x))

in which case the Gauge invariant Dirac Equation
becomes

i /Dψ −mψ = 0

the covariant derivative does not in general commute
with itself,

[Dµ, Dν ] = −ieFµν

which allows us to write the Klein-Gordon Equation
for a spinor in a covariant form(

DµD
µ +m2 − ieSµνFµν

)
ψ = 0

we can in fact do something similar for vector-bosons,
such as the W -bosons. For them we have that(

W+
µ

)∗ =W−µ

these vector fields transform as

W±µ ⇝ e±ieΓ(x)W±µ

It turns out that the Klein-Gordon Equation for these
vector bosons is

(DνD
ν +M2

W )W±µ − ieκFµνW
ν
±

for some unknown dimensionless κ. We see that W -
bosons also interact solely with photons (not only with
fermions).

C. Electroweak Feynman Rules

1. The interaction WWγ connects three vector fields
W+

µ (p),W−
λ (k), Aν(q) thus the vertex should carry

those three indices
2. We choose all momenta to be outgoing, thus

pµ + qµ + kµ = 0

3. The resulting vertex has the form

Vλµν(k, p, q) = ie [(k − p)νηµλ + (pλ − κqλ)ηµν
+(κqµ − kµ)ηνλ]

Tabel III: Feynman Rules: W+W−γ

Similarly for WWγγ.

Vµνρσ = −e2 (2ηµνηρσ − ηµρηνσ − ηµσηνρ)

Tabel IV: Feynman Rules: W+W−γγ

An example of the application of these rules is the pro-
cess e+e− →W+W−:

Figur 2: One of the Feynman Diagrams for the e+e− →
W+W− process

The amplitude for which is given by

iM = −g2

8 v̄s(p)γµ(⊮− γ5)
i/q

q2
γν(⊮− γ5)ur(k)ε∗µ(r1)ε∗ν(r2)

V. YANG-MILLS THEORY

Consider two distinct fermions, ψ(1) and ψ(2), with the
same mass (or similar masses?). They live in each their
Hilbert space and both satisfy a Dirac Equation:

(HDirac ⊕HDirac)ψ = 0, ψ =
(
ψ(1)

ψ(2)

)
ψ is referred to as an iso-vector. We definitely need to
require the probability to be conserved:

P =
�

d3x ψ† ·ψ

which works if we transform the iso-vector by means
of a special-unitary (SU(2)) transformation. However,
the question is whether this transformation maps solu-
tions to the Dirac Equation to solutions. This is no dif-
ferent from what we did with Gauge Transformations,
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however the Gauge Transformation is a U(1) transfor-
mation and this is a SU(2) transformation. So is it the
case that

(HDirac ⊕HDirac)U(x)ψ = 0, U(x) ∈ SU(2)

Let us denote HDirac = (iγµ∂µ − m) (omitting the
⊮2×2⊗). If we let U(x) = exp(iα(x) · t) where t = σ/2
then we get that[

i/∂ −m
]
U(x)ψ = U(x)

[
i/∂ − /∂α(x)−m

]
ψ = 0

which is reminiscent of what we obtained for Gauge
transformations. We defined

/∂α(x) = γµ∂µα(x) = γµ∂µα(x) · t = −iγµU†∂µU

As we did previously we should now introduce a covari-
ant derivative that accounts for this extra term. Define
now

gB
(j)
µ = −∂µα(j)

Then the modified Dirac Equation readsiγµ∂µ + gγµBµ · t︸ ︷︷ ︸
≡Bµ

−m

ψ = 0

defining Bµ makes our notation a bit more compact.
Thus the covariant derivative should be

Dµ ≡ ∂µ⊮2×2 − igBµ

which means [
i/Dµ −m

]
ψ = 0

is our new Dirac Equation. An important identity is
that

D′µψ′ = D′µU(x)ψ = U(x)Dµψ

where the transformed Bµ is

B′µ = UBµU
† − i

g
(∂µU)U†

A. Non-abelian Field Strength

For electrodynamics we had Equation IVB

Fµν ≡ i

e
[Dµ, Dν ]

and similarly for our non-abelian fields we have

Gµν = i

g
[Dµ,Dν ] = ∂µBν − ∂νBµ − ig[Bµ,Bν ]

The covariant derivative acting on the field gives us

DλGµν = ∂λGµν − ig[Bλ,Gµν ]

thus Gµν is not Gauge invariant which points towards
the fact that these non-abelian fields are charged. If
we were to define the Yang-Mills Lagrangian now we
would get

LYang−Mills = −1
2 Tr (GµνGµν)

which is the Lagrangian of a massless field, however, we
observe only massive fields. We need the Higgs Mecha-
nism to understand how these particles obtain Mass.
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