I. SPECIAL RELATIVITY

Spacetime consists of events whose coordinates z* are
four-vectors:

zh = (ct,z', 22, 2°)

however we set ¢ = 1 which means that time is mea-
sured in units of length. The Minkowski metric is the
metric of free space, which can in a suitable coordinate
system be written as
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Using this metric we define the proper length:
d82 = ’rm,,d.’l}“d.’ll'y

which is invariant under

o Translations

Tt ~ ¥ + a*

o Rotations
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0 cosf sinf O
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o Azt Ay = 0 —sinf cosf 0
0 O 0 1
i.e. rotations about spatial axes.
e Boosts

cosh¢p —sinh¢ 0 0
" pow u_ | —sinhg coshg 0 0
zh ~ Abg? AL = 0 0 10
0 0 01

where the boost parameter, ¢, is related to the
velocity difference between the initial and final
inertial systems:

tanh¢ = v
which allows us to write this in a more familiar
way:
vy —yv 00
w_ |- v 00 —(1_.2\"3
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We differentiate between line segments depending on
the sign of ds?:

o Spacelike separation: ds? > 0
o Null separation: ds? =0

o Timelike separation: ds? <0

For timelike curves we can define the proper time:
dr? = —ds® = —Npdatda”

Which allows us to define the relativistic velocity:

dz
ut = % = 7(171}17”2)”3)
Note that
1 2
uptt = T (v —1)=-1

we can also define the relativistic acceleration:

dut  d%zt

p_ 2 _ =%
@ dr dr?

Curves

We have up till now dealt with infinitesimal line seg-
ments; we will now generalise proper lengths and pro-
per times to curves. Given a curve z*(A):
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II. EQUIVALENCE PRINCIPLE

_, dztda”
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EINSTEIN’S EQUIVALENCE PRINCIPLE:

In small enough regions of spacetime the laws
of physics reduce to those of special relativity.
Therefore, it is impossible to measure the pre-
sence of gravity through local experiments.
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Due to this equivalence principle we choose to measure
acceleration with respect to freely falling particles.

A. Gravitational Redshift

Before we introduce the language of general relativity,
we can already show a physical effect due to the prin-
ciple of equivalence, which contradicts the predictions
made by Newtonian physics:

Consider a tower of height h, where a laser at the bot-
tom of the tower emits light upwards and the wavel-
ength of the light is measured at the top. Due to the



fact that both the top and the bottom of the tower are
accelerating upwards the wavelength at the bottom of
the tower will be different from that at the top, due to
the finite speed of light:

agh
g
Al = )\top - /\bottom = c_QAbottom

Generally we can express this as

AN 1
Ao A
A c? ¢
where A¢ is the potential difference between the two
points.

This also has the implication that gravitational fields
dilate time:

cThottom = Abottom, C:Ftop = )\top

hence

A¢ Tiop A¢
AT = —Thottom, — =14 —
c? botto Tbottom + c?
which tells us that clocks go slower inside gravitational
wells.

III. GENERAL SPACETIMES

The Minkowski metric is only valid when there is no
gravity (except for local inertial systems, that is). As
we have seen, gravity influences the passage of time,
and it also influences relative lengths. Therefore we
need a more general metric than the Minkowski metric:
Nuv ~ Guv- Hence

d82 = gu,,dx“dx”

guv Is a tensor, therefore it transforms as a tensor:

r

TRANSFORMATION OF THE METRIC
Suppose we are given a (bijective) coordinate
transform:

= 54 (")

Then the metric, which is a (0, 2)-tensor, trans-
forms like

dz* dz¥
Gos = gga g7 9"
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The inverse metric g"” is defined as the tensor that
satisfies

gp,ugup = 5Z

which transforms like a (2, 0)-tensor:

TRANSFORMATION OF THE INVERSE-METRIC
Suppose we are given a (bijective) coordinate
transform:

& = 3(a")

Then the inverse metric, which is a (2, 0)-tensor,
transforms like

op 0% 0F°
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Geodesics

Freely falling particles follow curves that maximise pro-
per time; these paths are called geodesics. Using this
principle we can, using the calculus of variations find
a differential equation that describes geodesics.

We want to find the curve, z*()) that minimises:

A
2 dx+ dxv
AT [z# = — Gy —— ——
Pl = [y o
hence we require 0A7 = 0, which results in the fol-
lowing equation

GEODESIC EQUATION
The motion of a freely falling particle is descri-
bed by a curve, z#(7), which satisfies:

d2z# p dz® dzf _
dr2 of dr dr

where the Christoffel Symbol is defined by

1
]-—‘Zﬂ = igua (aagﬂa + 8ﬂgo¢a - acrgaﬁ)

The Christoffel Symbol is symmetric in its lower indi-
ces.

NB: The Christoffel symbol is not a tensor!

Newtonian Limit

When we look at very weak, time-independent gravity

(Guv = N + h’.“’ (x) for hy, small), and we require low
velocities ( % < 1), general relativity should sim-

plify to Newton’s law of gravitation. In this limit the



geodesic equation is

d2zH dt\ 2
SV e (22) -
dr? + Lo (dT) 0

Up to linear order in h,, this becomes
d’x
dr2

hence we can interpret the time-time entry in the me-

tric as the gravitational potential in the Newtonian
limit:

1
= Etho

goo = —1 —2¢, Newtonian Limit

A. Local Inertial System

LocCAL INERTIAL SYSTEM
Consider an event, p. There always exists a co-
ordinate system in which the metric simplifies
to the Minkowski metric as per Equation [[TI|
This coordinate system is referred to as a Local
Inertial System, for which we have

g;w|p = Ny, 6pg;w|p =0
This implies that in the local inertial system
I‘ﬁ,, = 0, which ties back to the implication of
Einstein’s Equivalence Principle, that we can-
not detect the presence of gravity locally.

IV. TENSORS AND THE PRINCIPLE OF
COVARIANCE

The simplest tensor is a tensor with zero indices, a
scalar. Scalars transform rather trivially, consider Z* =
TH(xH):

&(a") = d(zH)

The next simplest tensor has one index, which we can
either place high or low. If it is placed high the vector
is a contravariant vector, V*, which we also just call a
vector. If we place the index down low it is a covariant
vector, or a dual vector, V,,. These vectors are related
to each other:

Vi=9.V"

These quantities transform quite differently from scalar
fields:

~ ox” ~ oz
V. =V Ve = v
ST TR Oxv

Generally though

TENSOR TRANSFORMATION
Given a (m,n)—tensor TH"#m, ., it trans-

forms as
Tal"'am — (min) —85/‘(11 axuj T”‘l#m
BiBn Orti HFBi V1t Un

(4,9)=(1,1)

A. Covariant Derivative

We need to generalise the concept of a derivative, so
that we can express our equations in a covariant form;
in a form that is independent of coordinate system.
This is very easy for scalar fields, because their deriva-
tives are already covariant:

s = Ox”

8H<I> = %8,,@
however, this is not the case generally. For instance, let
us look at how the derivative of a vector field, 0,V?,
transforms:

~ ~ Iz 78
C’)avﬂ — 8&8 (ax Vu)

oz "\ 9zv
_owor, o 0w,
T 9z ggr 8% drrdzY

= 83 Ozv 837 OxhOxP

The second term is the problem, if this term were equal
to zero we would have shown that the partial derivative
of a vector field is covariant. Let us define the covariant
derivative, D, which is the generalisation of the partial
derivative, which reduces to the partial derivative in a
local inertial system. In a local inertial system it can
be shown that

_ Ozt 03F (8“ ,  oxz¥ 0%%7 p)

v _ Oz 0%z

up|LIS,p 9% OxrOzP

We are now ready to define the covariant derivative of
vector field:

COVARIANT DERIVATIVE OF A VECTOR-FIELD
Given a general spacetime, g,,, and a vector
field, V', the covariant derivative is defined by

D,V? = 9,VP +T%,V°

where I'}, is the Christoffel Symbol defined in
Equation [IT]]




The covariant derivative of a dual-vector is almost the
same

COVARIANT DERIVATIVE OF A DUAL-VECTOR-
FIELD

Given a general spacetime, g,,, and a vector
field, V,, the covariant derivative is defined by

DV, =08,V, =T}, Vs

where I}, is the Christoffel Symbol defined in
Equation [IT]]
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The covariant derivative of a general (m,n)-tensor is

e = §,Trrk i1 o g

D,T Ty, = OpT" "oy T paT ™
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1.  Covariant derivative along a curve

Consider a curve z#()\), then we can calculate the cova-
riant derivative along this curve. For instance the cova-
riant derivative of a vector along the curve would be

D dz?
d)\V B B DV

If the covariant derivative of a quantity along a curve
is zero, then the quantity is conserved along the curve.
For example if V* is parallel to u* at the beginning of
the curve and the quantity V,,u* is conserved along the
curve, then we can conclude that the vectors remain
parallel along the curve.

2. Properties of the covariant derivative
The covariant derivative, like other derivatives, has

o linearity

e a product rule

Vitln
Iz p1tem—10
+ o+ DT e

viovg:

COVARIANT DERIVATIVE OF THE METRIC
Given a general spacetime with metric g,, and
inverse metric g, then we have

D,yguy = Dpg"” =0

which can easily be shown by transforming into
a local inertial system.

B. Acceleration in General Relativity

In the special relativity section we defined the four-
velocity, u* = %. We now define the covariant acce-
leration:

D dx¥

= — H: D H
dTu dr v

at

.v,Writing this out, using the definition of the covariant

derivative:

v
— o @+ Thw)
_ =¥ out ., de¥
dr Ozv vP dr
_ &Pz, de¥da?
dr2 YPdr dr
This simplifies to the geodesic equation in the case
where a* = 0, i.e when there are no non-gravitational
forces. Additionally, in a local inertial system a* =
&2 which is the acceleration we defined for special

dr2
relativity, as we would expect.

at

uP

For massive particles travelling on geodesics we have

a* =0, uut = -1

however, for null curves (for which dr = 0) we instead
have

dot da” _
I ax A T

where ) is the affine parameter we use to parametrise
the null curve.

a' =0, 0

NB: 7 cannot be used to parametrise the null curve,
because it is constant along the curve.

C. Maxwell’s Equations in a General Spacetime

Maxwell’s equations in vacuum can be expressed as

Fu =0,A, —8,A,, D, F™ =_J



We can see that the electromagnetic field strength ten-
sor, F},,,, is antisymmetric. These equations are covari-
ant, which is easy to see for the second equation. The
appearance of partial derivatives in the first equation
makes it look like this may not be covariant. However,
due to the symmetry of the Christoffel symbols in their
lower indices we have

DA, — D,A, =8,A, — 8,A,

Assuming a particle is only subject to the electromag-
netic force then its covariant acceleration can be calcu-
lated through

q
a’ = ——g,,pu”Fp”
m

V. RIEMANN CURVATURE TENSOR

We are looking for an object that describes the cur-
vature of the metric, g,.,, and hence of spacetime in
a manner that all coordinate systems agree upon: we
are looking for a covariant expression of the curvatu-
re. Unfortunately our best candidate, I'},, cannot be
used, because it is not a tensor*]

We instead will look at a derivative of the Christoffel
symboﬂ but we wish for a covariant expression.

Consider an infinitesimal square with (infinitesimal)
width w* and (infinitesimal) height h*, with starting
position zf. We wish to transport a vector V* along
the curve in such a way that the covariant derivative is
and remains zero, this process is referred to as parallel
transport. We, therefore, demand that

dV* = —T%,V”dz?

We will ignore terms of higher order than h? (and hence
w? and hw)

Let us write this in a more legible way
VH(zo +w) — VF¥(x0) = =T, (z0) V” (o) w"
going to the next corner

AVL = VH(zo +w + h) = V¥ (z0) = =T, (20) V¥ (z0)w”
—I', (w0 +w)V" (20 + w)h”

* It does not transform like a tensor. This is easy to show, FZV =
0 in a local inertial system, but nonzero generally which cannot
hold for a tensor, see Equation

T We cannot just use D(,—I"ZU because this is not a tensor either

But we can write this out

AVy = =T (x0) V" (z0)w”

— (Th, (20) + 8aTh, (zo)w®) (V" (0) — I‘ZﬁVo‘(xo)'w'B) h?

we can also get there the other way, so first adding h
and then w:

AVy = -T% VVh?
— (T4, + 8aT%,h) (V¥ = T%3V*hP) wP
The difference AV = AV; — AV; is also the differen-
ce between the two parallel transported vectors (along

the different paths). By renaming some of the dummy
variables we end up with
AVH = (8,,I‘{j,, = 0,10, —T5, Ty, +Th. Ty ) VYwPh?
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RIEMANN CURVATURE TENSOR
The Riemann Curvature Tensor is defined as

Rf,,, = 8,T%, —

ouv

8,I%, +T% %, —T0, IS

poc- ov vat op
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Clearly R’;,, = 0 if and only if spacetime is locally
flat.

A. Symmetries of the Riemann Curvature Tensor

R?,, is antisymmetric in g and v as swapping these
indices would correspond to switching the two paths
discussed in the derivation. To discuss further symme-
tries let us lower the upper index:

Ryvpo = gﬂaRaupa
we have that
Ruvpe = —Ruppe = —Ruvop
and
Ryvpo = Ropopw
and finally
Ryvpo + Ruovp + Ryupov =0

Ricci Tensor and Scalar

We can contract the first and third indices of the Rie-
mann tensor, to obtain the Ricci tensor:

Rp,v = gaﬁRaﬂﬂV = Ra,u,au



which is a symmetric tensor
The trace of the Ricci tensor is the Ricci scalar:

g""R,, = R=R;

B. Bianchi Identity

The following identity holds for the Riemann curvature
tensor:

DC(RMVpG' + DuRappo + D,uRVapa =0

Due to the fact that the covariant derivative of the
metric is zero we can freely contract indices inside the
Bianchi Identity:

0= gua'gp,p (DaRyupo + DuRozppo + D,uRVapa)
=DsR —2D°R;,

Therefore, for the Ricci tensor we can compress (some
of?) the information from the Bianchi Identity into a
simpler equation:

1
D*# <RW — §g,WR> =0

VI. EINSTEIN’S EQUATIONS

We’ve already seen that the metric is the general rela-
tivistic counterpart of the Newtonian gravitational po-
tential, therefore we might be inclined to assume that
the Riemann curvature tensor is the general relativi-
stic counterpart of the Laplacian of the potential. This
is essentially the case, but as we will see it suffices to
use the Ricci tensor.

However, we now need to find the general relativistic
counterpart of the mass density. This object is clear-
ly a (0, 2)-tensor, like the metric, and in order for the
Newtonian limit to make any sense we can already sta-
te that Too will simplify to the mass density in the
Newtonian limit. This object is defined below.

s ~

ENERGY-MOMENTUM TENSOR
The energy-momentum tensor,
T (2) [1 =0,y dz°, is the flux of the

ut® component of the four-momentum across

an infinitesimal 3-surface [],_, ,, dz*.
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This definition is difficult to interpret, so let us write
this more concretely

T : Energy density

T%° . Density of the i*® component of the momentum
TY% : Energy flux through the surface orthogonal to z’
T : Internal forces per unit area (pressure and shear)

Energy flux is the same as momentum density (c = 1),
and similarly for 7% and TY°. Therefore, the energy-
momentum tensor is symmetric

THY — TVH

In the Newtonian limit we already know what hap-
pens{ﬂ
pm 000
0 00O
py _
™= 0 00O
0 00O

we call this kind of matter Newtonian matter. A perfect
fluid (zero viscosity and zero heat conduction) has the
following energy-momentum tensor:

T = (p+ p)uyuy + P9

The specific type of fluid can be expressed through the
function p = p(p):

Dust: p
Photons: p =

A. Conservation of the Energy-Momentum Tensor

In special relativity we have the identity
0, T =0

this is a continuity equation: the (temporal) change in
energy is due to energy flux out of a volume element.

We can quite easily generalise this to a covariant equa-
tion:

D, T* =0

indeed, the energy-momentum tensor is conserved. The
metric is also covariantly conserved, so we can raise and
lower indices, which implies

DT, =0

f This is because everyday pressures (like latm) are ~
10~12¢2p,,, hence we can readily neglect these



B. Einstein’s Equations

We now have two conserved quantities, T, and R, —
% guv R, thus these quantities must be equal up to an
“integration’ff| constant:

1
R, — §gu,,R + Agu = 87GT,,

where A is a free parameter, which later leads to the
concept of dark energy and the expansion of the uni-
verse. The A-term can be thought of as a zero-point
energy, i.e. even when T}, = 0 there is energy in the
universe, which is why it can make sense to write the
term on the right hand side. We can show that the 87G
term must be there if we want to use our prior defi-
nition of T},,; it appears when we take the Newtonian
limit.

VII. SCHWARZSCHILD METRIC

Let us consider a spherically symmetric mass distri-
bution. This symmetry must also apply to the metric,
therefore we are interested in a line-segment that is sp-
herically symmetric. Beginning with the most general
line-segment in spherical coordinates:

‘We can take linear combinations of the elements of the
Ricci tensor, giving us

o (a+8)=0

we can absorb the integration constant into our defi-
nition of ¢, so we can conclude that & = —(3. The final
differential equation we need to solve is thus

1—e**(1+2rd.a)=0
let 20 = In(f):

F4rdf=1=0,(rf)

hence
f=1-"0
r
in conclusion
—-(1-") 0 ) 0 0
_ 0 (1 - m)— 0 0
G = 0 0 2 0
0 0 0 r2sin®6

By once again looking at the Newtonian limit we can
conclude rq = 2GM, the Schwarzschild radius.

ds? = —A(t,r)dt? + B(t,r)dr? 4+ 2C(t,r)dtdr + D(t,r)r>dQ?

the functions A, B,C and D can only depend on time
and 7 due to the aforementioned spherical symmetry.
We can diagonalise the (¢,r)-part by changing basis,
and by redefining r we can also remove D. We additio-
nally write g;; and g, using exponentials, to simplify
our calculations later:

ds? = 2 dt? 4+ 22 dr? 4 12402

We have also removed the time dependence; even with
time-dependence we will obtain the same result, as sta-
ted by Birkhoff’s theorem. By plugging this metric into
Einstein’s equation and assuming that T}, = 0 outsi-
de the spherically symmetric object we get differential
equations that describe the functions o and 3:

Ry = €@ h) (6foz + (8,«0&)2 — 0,0, + gara) =0
Rep = 020+ 8,00,8 — (9,0)% + ;&ﬁ _o

1
sin? 0

Rgp = Ryp =1+ e 2P (r(0-8 — 0ra) — 1)

§ Strictly speaking it is not an integration constant, just a tensor
whose covariant derivative is also zero.

A. Geodesics

Define
dz* ap dz#

= b=

dr’ dr
This makes the geodesic equation a bit more palatable:
g4+ Th i =0,  guétd” = -1

for massive particles following time-like curves. Consi-
der now the Christoffel Symbols:

1 To 1
F§,=§6T1n(1—7), Ify=Tf, ="
Pz¢=—sin0cos0, Fg¢=cot9
There are other nonzero components, however, we will

only use the aforementioned in the following. Using
these we find that

. To P
t+8rln(1—7)tr—0
6+ %f‘é—sin@cosqu =0

b+ §f¢+2coteé¢'s=0



we can write these slightly differently though

x [0-)] -0

% (r?6) = r?sin 0 cos §¢°
iT (7'2 sin? 0¢) =0

and for the r component we instead use the formula
for a line segment and use the normalisation of Z*:

—1:—(1—T—°)£2+
T

2
r . 3 .
o +r? (02 + sin? 9¢2)
T
Restricting ourselves to § = 7, which we can always
do by rotating coordinate systemﬂ Under this choice
of coordinates we get

SH0-7) -0

d )
ar (r2¢) =0

)
To\ ; r .
—12—(1—7)t2+1_—r_0+7”2¢2
T
The first two equations describe conserved quantities,
the first being the energy and the second the angular
momentum.
E=i(1-2)
T
L=r%

using which we can simplify the third equation signifi-
cantly

2GM L2 2GM
2 __ 1 _ .2
EP=1-=—+i"+ ( )

This differs from the classical counterpart only by the
final term, which goes like 7~3. We can change coordi-

nate systems to X = GTM and express this as a diffe-
rential equation in ¢:

a2x GM\®

— 4+ X-3X2=(—"—

ag? * ( L )

here it is the 3X?2 that is the relativistic correction to
Newton’s equation. Define Y = (GLM) X we get

a2y GM\? _,
W+Y—3<T> Y°=1

9 The angular momentum vector is still a conserved quantity,
as we will see.

hence the Newtonian limit clearly corresponds to X <«

(%)2, which is achieved by looking at sufficiently lar-
ge values of 7.

1 < GM

T L2

In the intermediate limit, so where we can treat the
Newtonian solution as the solution the unperturbed
problem, and let the Y2 term perturb the solution, we
begin with

_ (1-¢€Ya
r(9) = 1+ ecos¢

where

GM\? L?
E2:1+<T> (62—1) G—M:(l—e2)a

e is the eccentricity of the orbit, and a is its semimajor
axis. Thus we look at

Xo(9) = (GTM) (1+eccos)

and calculate the first order correction

d2x
Wzl +X; = 3X§

giving us

4
X1(9) = (GTM) (3 (1 + é +e¢sin¢) — ?coquﬁ

N——

the solution is no longer periodic, which is what ex-
plains Mercury’s precessiorf**| Using this we can calcu-
late the precession of an elliptic orbit per period:

6rGM

Ad= (1 —e?)ac?

B. Deflection of Light

The geodesic equation for null curves also predicts
things that aren’t found classically, as we will see:

iH 4 Pgﬂa'c%';ﬁ =0, guiti’'=0

** Actually, the largest part of Mercury’s precession is accounted
for classically; this just accounts for a small part of it.



however now we cannot use 7 as a parameter any more,
so for null curves we need

dzt ., da*

—_ = ——

dx’ d

The fact that these are null curves actually doesn’t

change that much. We still have energy and angular
momentum conservation:

E=ﬁ(1—r—°), L=

it =

dA r S da
and the differential equation describing X becomes
d2Xx
— + X =3X?
52 + 3

so the only difference is that we no longer have the
(%)2 term. Notice that the differential equation in
the absence of X2 describes straight lines, as we might
expect. However the X? term curves the straight li-
nes. The deflection angle for a light ray with impact
parameter, b, due to GR is

ag = 190

2
VIII. BLACK HOLES

A. Schwarzschild Metric

We know that energy is conserved, which tells us that

—_To

dr=1"Tg
TTTE

Thus at r = r¢ the proper time appears to stop with
respect to @ Let us require that for » ~~ oo the proper
time and coordinate time agree with each other, which
implies that the infalling object is at rest at infinity:
E =1. Thus

dr 70 3 3 3

_—= - —_ 2 — 2 = — —_

ar - r(r)2 —r(70) 5 V70 (0 —7)
Thus according to the infalling observer nothing spe-
cial happens at ry; the only special point is at r = 0,
which is the physical singularity. However, according
to the distant observer we get

dr drdr ) 0
- _ (12 0
dt dr dt ( 7‘) r

T The distant observer measures ¢, and when comparing to 7 the
distant observer claims that time stops at the Schwarzschild
radius.

close to r = ry we can approximate this as

drN r—To
dtN To

which is an exponential decay

t
r(t) = ro + rc exp <_'r_)
0

hence according to the distant observer the event ho-
rizon is never reached.

1. Closing of Light Cones

In spacetime diagrams in special relativity we always
know that massive objects’ motions are limited by the
light cones. The same holds in general relativity, howe-
ver, here the light cones are more complicated. In the
following we look at radial null curves, which will limit
the motions of massive objects that also are moving
radially. Radial null curves have

dr 70
i E (1 )
according to the distant observer. At r = rq we see that
the apparent speed of light is zero, which again corre-
sponds to the proper time stopping according to the
distant observer. This implies that the infalling and
outgoing null curves both have zero coordinate radi-
al velocity at the Schwarzschild radius. Therefore no
massive object appears to cross the event horizon in
finite Schwarzschild coordinate time, according to the
distant observer.

2. Eddington-Finkelstein Coordinates

As we have seen, the fact that time appears to stop
at the event horizon is coordinate dependent. This is
because the metric has a singularity at r = ¢ (and one
at r = 0). The singularity at » = rg is an artefact of the
coordinate system, not of the physics; therefore, there
exist coordinate systems where this singularity is not
present. However, the singularity at » = 0 cannot be
mended with coordinate transforms; it is a singularity
in the spacetime.

Let us now define a coordinate system that mends the
r = 1o singularity, by redefining the radial component

r
— =1
To

T« =T+79ln




clearly

dry =

In these coordinates radial null curves obey

dr,

dt
thus using this as a radial coordinate will fix the pro-
blem we just saw with light cones closing. However the
function 7(r,) is not particularly pretty, therefore, it is
beneficial to work a bit harder for our new coordinate
system. Define

=41 ~ 71 (t) = £t +7.(0)

u=t-—r", v=t+r*

thus for v and v constant we have radial null curves.
The coordinate transform (¢,7) ~~ (v,r) gives us the
following line segment:

ds® = — (1 - ’;—0) dv? + 2dvdr + r2d02

clearly we have removed the singularity at r = ry.

8. Inside the Black Hole

In these coordinates outgoing radial null curves are
described by

dv 2

ar = 1- %)

and infalling null curves have dv = 0. We see that
inside the black hole both infalling and outgoing null
curves move toward smaller r, which implies that light
as well as massive objects are forced to travel towards
the singularity if they are inside the event horizon. In-
terestingly, because there is a well-defined direction of
the passage of r (always decreasing) we can think of r
as a time-coordinate, whereas t becomes a spatial coor-
dinate. This is also seen from the Schwarzschild metric,
which is valid inside the black hole, as g;; and g,- have
opposite signs inside and outside the black hole.

The singularity at the origin is a physical singularity
in spacetime, therefore, we cannot remove it by chan-
ging coordinates. We can see this by finding a covariant
quantity that describes the curvature of the spacetime,
which diverges at the origin. We use the Kretschmann
scalar for this:

RMvPO — %

RVO'
uvp 6

which clearly diverges at the origin.
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4. Kruskal-Szekeres Coordinates

Our coordinate systems so far have not had global time
coordinates; we needed to use different time coordina-
tes inside and outside of the black hole. This is exactly
what Kruskal-Szekeres coordinates solve. They are de-
fined using the Eddington-Finkelstein quantities, u and
v:

]. CA —_ 1 = — U
T=§(e2r0_e 27‘0), R=§(62T0 +e 27‘0)
Using which we can write out the line-segment

3
45> = 06~ (=T +dR?) 417 (d6° +sin® 0g?)

where 7(7,R) is defined through

To—T =
T?2-R>="2"¢w
To

There are four interesting parts of spacetime:

r=rg VRS R==xT
> “ IR| > |T]|
r<ro “ IR| < |T]|
r=0 & T’=1+R?

the final part is rather strange; the singularity is now
given by two hyperbolae.

5. Gravitational Redshift

Once again we use

dt E
dT_l—TTO

putting this into the line-segment for a radially inward
falling massive object:

dr_ Jp_1470
dr r

The change in v and v are given by

1— T
T

E+,/E2-1+T2 E-,/E2-1+T2
du=< T T)dT, dv=( r

T

which we obtain by simply using the above expressions
for dt and dr.



The distant observer, who measures ¢, has constant
T = T'so. Thus in this coordinate system Au = A7, =
Av. However, r is not constant for the inward falling
observer; we assume that it is approximately constant
for the duration Ar. For an outgoing null curve u is
constant, therefore we can conclude that Au must be
the same for the observer at infinity and the inward
falling observer, thus

E+E2_1+ DT
AToo:< T T)A
T

Thus ATe > ArT; there is a gravitational redshift.

Similarly, for a radially inward falling null curve v is
constant, which means that the infalling observer expe-
riences a change in period of light sent from the distant

observer:
E—/E2-1+1
AToo = < r ) AT

1- T

T

For E > 1 the factor on the right-hand side is always
smaller than %, therefore for £ > 1 we always have
a gravitational redshift. However, for £ < % there is
both blueshift and redshift, at the Schwarzschild radius

there is always a blueshift for £ < %
Two fized observers

If both the distant observer and the observer near the
black hole have fixed positions we just get

dr? = (1 — %O) dr2

Thus there is a redshift for light sent to the distant
observer, and blueshift for light sent from the distant
observer.

Observations of Black Holes

We differentiate between two groups of black holes;
stellar mass black holes with masses of 3mg to 100me,
and supermassive black holes with masses ranging from
108mg to 10%m,.

Stellar black holes are formed from collapsing remnants
of supernovae. How supermassive black holes form is a
bit of a mystery, though astrophysicists presume that
they form from stellar black holes that collide and fuse,
and slowly fall towards the centre of galaxies.

Black holes are difficult to observe directly, because
they absorb all light. Before gravitational wave met-
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hods were developed we could only measure them in-
directly, for example by looking at the trajectories of
nearby stars.

B. Kerr Black Hole

The Schwarzschild metric is spherically symmetric,
which means that it cannot rotate. Kerr black holes
are allowed to rotate, so we no longer require a spheri-
cally symmetric metric. However, we still require that
the metric is independent of time and that the metric
is a solution to Einstein’s equations.

The line-element given by the Kerr metric is

2_ _ (1_ToTY g2 _ 20707 . o
ds? = (1 > )dt % sin? dtdg
2 1 42)2 — Ag2 sin? >
(r" +d%) —— asin20d¢2+zdr2+2d02

where
Y=r?+a’cos®’d, A=r®>—ror+a’

The event horizon is where g, blows up, as was the ca-
se for the Schwarzschild black hole. For the Kerr black
hole this happens at

To 4a?
=0(1+,/1-%
- 2( ’“3>

The radius that is reached first by physical objects is
T4, therefore we treat that as the event horizon. The
geodesic equation for null curves gives us an expression
for the effective radial speed of light:

2 2
dr\? _ 9u + 2gt¢% + 949 (%) + 900 (52)
dt ) Grr

at the event horizon g, — 00, whereas the other
metric-elements remain finite; this implies that light
cannot escape the black hole, just like what we saw for
the Schwarzschild black hole.

1.  Ergoregion and Frame Dragging

The g element of the metric is zero when ¥ = rgr,
which is satisfied for

0 4q?
o= 214 (11— 2% cos20
Tergo = % < 2 cos )



the curve described by the + solution is outside of the
event horizon, therefore, it is accessible to our universe.
Interestingly enough, inside the ergoregion we have

d dr\? deé\ 2
_2gt¢d_f = (a) + git + 9oo (d—f)

v () 400 ()
Grr dt 966 dt

the right hand side is positive (not non-negative!) and
gt < 0, therefore we have that ¢ > 0; there is a well-
defined direction in which everything inside the ergo-
region must move, just like we saw inside the event
horizon of the Schwarzschild black hole. However, the
ergoregion is accessible to us, and it can be left. This
effect is called frame dragging; the rotation of the Kerr
black hole is forcing spacetime to corotate.

To further understand this, let us look at the parabola
above. Specifically let us look at null curves that travel
only in the ¢ direction, hence dr = 0 and df = 0, and
because they are null curves d7 = 0, thus

—0560% — 20149 = gt

hence

—916 £ /95 — 9s09u _g,, +sinOVA

9o¢ 9o¢

Qs =

clearly massive objects must move at angular frequen-
cies between the two extremes:

Q_ <<y

However as we decrease the distance from the centre
toward r, the two frequencies will converge towards
the same value, which we call the angular frequency of
the black hole:

a
Qu = Qu(ry,0) =

T4+To

C. Asymptotically Flat Metrics

Both the Schwarzschild metric and the Kerr metric are
asymptotically flat; at large distances from the black
hole we can approximate the metric by the Minkowski
metric. This property is very important and makes in-
tuitive sense: there may be a SMBH at the centre of
a galaxy, but we do not expect it to prevent us from
treating the space between the Earth and the Moon as
approximately flat.
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D. Black Hole Uniqueness

The Schwarzschild and Kerr metric have the following
properties:

e They are asymptotically flat

e There is an event horizon

Outside the event horizon the metric is a solution
to the vacuum Einstein equations

e The metric is stationary

Amazingly there can exist no other metrics that satisfy
these four conditions. This means that the two black
holes we have discussed are the only two that satisfy
these conditions and if there exist any other black holes
in the universe it must be because at least one of these
conditions is not satisfied. Thus M and J are the only
two parameters we need to fully classify black holes.

E. Cosmic Censorship Hypothesis

Rotating black holes with a > % would have a singu-
larity that in principle is accessible to us; it is not
shielded by an event horizon, which seems wrong. The
cosmic censorship hypothesis conjectures that this is
impossible, but it remains unproven — it may very well
be that these naked singularities exist in nature.

F. Black Hole Mechanics

1. Schwarzschild Black Hole

The surface gravity of a black hole, «, is defined as the
magnitude of the acceleration required for an object
to be stationary at the Schwarzschild radius of a black
hole, measured by the distant observer:

\ 908Gy = o
2r

!
= aoMm

hence

The next constant we need to define is the area of the
black hole, which is just

A= 4nr]



using these quantities we can formulate the first law of
black hole mechanics:

FirsT LAW OF BLACK HOLE MECHANICS
(SCHWARZSCHILD)
Consider a small perturbation to the black ho-
le, such that when it settles down again to a
new stationary state it is again described as a
Schwarzschild Black Hole. Then the change in
mass M and area A obey

K

2. Kerr Black Hole

For a Kerr black hole things become more complicated.
The surface gravity becomes

_’f‘+—’l"_

2ror4

and the area we can get by fixing r and ¢ in the line
element, and then taking the limit » — r

(ri +a?)?
by

the Jacobian is the square root of determinant of the
metric

ds? = sin? fd¢? + £d6?

A= 271’(7’3_ + az)/ dfsinf = 47r(ri 4 0,2)
0

which can be rewritten to

/ J2
A=87TG2M2 (1+ l—w>

From which the first law for Kerr black holes follows
FirsT LAw OF BLACK HOLE MECHANICS
(KERR)

Consider a small perturbation to a black hole.
When it again settles down to a new stationary
Kerr black hole the quantities M, J, Qg, x and
A obey

K
M=— Q
d 87TG6A+ HO0J

where
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Second Law of Black Hole Mechanics

The energy

dz¥

E = —mg,, T* T =6}

is a conserved quantity far away from the black hole.
However, in the ergoregion of a Kerr black hole, a part
of this energy is spent on the forced rotation. Due to
frame dragging and the fact that ¢ is no longer a good
time coordinate it is not E that is conserved, but rather

v

X
& =-mgux"—,

dr X" :65+QH55

these two quantities are related through the angular
momentum:
dx”

L =mgy,—

E=E—-QuL ar

The energy £ should be positive just before it reaches
the surface of the black hole, which using the conser-
vation of energy gives us that

oM > QH5J

which implies that

SECOND LAw OF BLACK HOLE MECHANICS
The area A of the event horizon of a black hole
cannot decrease as a function of time (measured
asymptotically) under any process that can be
described by general relativity.

IX. COSMOLOGY

A. TFriedmann-Lemaitre-Robertson-Walker Metric

Let us assume there exists a universal time, cosmic
standard time, t, which can parametrise the evolution
of the universe. Let us use spherical coordinates for the
spatial part:

Tt = (ta T, 0, ¢)
Now we make two assumptions about the geometry of

the entire universe:

e HOMOGENEITY: The geometry should look the
same everywhere for a given ¢ — invariant under
spatial translations



« ISOTROPY: Given a point z*, the universe should
look the same in all directions; spherical symme-
try about every point in the universe.

Naturally this does not hold on small scales; we require
scales of at least order 100 million light years. These
assumptions are what is referred to as the cosmological
principle.

Due to the cosmological principle a line-element must
be of the form

ds? = —dt? + g;;dz’da?

We see that stationary particles follow geodesics, provi-
ded that I'j, = 0. This is clearly satisfied because all
terms that appear in the Christoffel symbol are eit-
her zero or constant (g, = —d,). For fixed time the
metric g,.|,_, should describe homogeneous, isotro-
pic space. Let us consider only the spatial part of the
metric

do? = ,;;dz'da?

Requiring that this is homogeneous and isotropic me-
ans that it should be maximally symmetric. For such a
space the spatial part of the Riemann curvature tensor
takes the following form

k
MRk = 2 (Yakvje — Yievie)

where k € {—1,0,1} is a dimensionless parameter that
describes the type of space the universe is. a is a length
parameter which is independent of ¢, but can be time-
dependent. Furthermore we can show that the Ricci
tensor simplifies to

2k
MR, = 2 i

using this we can solve the differential equations provi-
ded by the Christoffel symbols and derive the FLRW
metric:

dr?

2 _ 142 2
ds® = —dt* + a(t) T 72

+ 7% (d6® + sin® § d¢?)

Let us change coordinates such that the singularity at

r = 1 disappears: dy = \/1d—TW giving us
siny for k=1
T(X) = X fOI‘ k=0

sinhxy for k= -1

If £ = 1 we say that the universe is closed: the metric
describes a three-sphere. If k& = 0 the universe is flat
and finally if £ = —1 we say the universe is open.
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B. Hubble’s Law

Depending on whether ¢ = ‘31—‘; is positive, negative or

zero, the FLRW metric describes an expanding, con-
tracting or static universe respectively.

Let our solar system be at the origin of the coordinate
system. This would imply that every null curve that
reaches Earth travels roughly on a radial null curve.
Hence

ds? = —dt? + a(t)?dx?

Integrating and using that a(t) is approximately con-
stant on time scales of the order of electromagnetic
radiation periods:

Ty T;

a(ty)  al(t:)

where Ty — Tj is the period of light. Defining the reds-
hift parameter:

)\received - )\emitted

z
)\emitted

we can show that this can also be written as

L olty) —a(t:)
a(t:)
we see that if z = 0 the universe is static, if the uni-
verse expands z > 0 which implies that the light is

redshifted and, finally, if z < O the light is blueshifted,
corresponding to a contracting universe.

Consider a light ray emitted from a nearby galaxy, near
enough that we can approximate the expansion of the
universe as linear, then

a(t:) =~ a(ts) + a(ts)(ti —tf)
and so
~ 9tr)
a(ty)
in natural units t; —¢; = L, the distance to the galaxy,

thus there is a linear relation between the redshift pa-
rameter and the distance to nearby galaxies:

(tr —ti)

HUBBLE’S LAaw

For nearby galaxies the redshift parameter, z,
is proportional to the distance, L, to the galaxy
to a good approximation:

Z%H()L

where Hy = %;; is called the Hubble constant.




For nearby galaxies the time delay between emission
and reception is so small (compared to cosmic time
scales), that we can effectively say that the measured
Hubble constant is the current value, and that it do-
esn’t change in time.

The Hubble constant has been measured numerous ti-
mes, however, with conflicting results. According to
Planck 2015 Hy = (67 & 0.46)km s~ Mpc~!, while lo-
cal distance-ladder measurements give values around
Hy = (74+1.4)kms~! Mpc~!. This tension in empiri-
cal data is referred to as the Hubble tension.

C. Friedmann Equations

Einstein’s equations for the description of the universe
are rather ugly, because we can no longer assume that
Tuv = 0; there is matter, energy, pressure, etc. eve-
rywhere in the universe, which means the right-hand
side of Einstein’s equations is non-zero. We’ve already
discussed two types of fluids that can contribute to the
energy-momentum tensor, which is of the form

™ = (p + p)uru” + pg"”

however, now we will add dark energy, and will moti-
vate its existence shortly.

Dust: p=0
Photons: p= % p
Dark energy: p = —p

When we derived Einstein’s field equations we inclu-
ded a term which I chose to refer to as an integration
constant:

1
R, — ig,“,R =8nGT,, + Ag.

the A term can be thought of as an additional form
of energy/momentum/pressure, which is there even if
T, = 0. This is dark energy, and it contributes to the
expansion of the universe:

We can now solve Einstein’s field equations for the ex-
panding universe in the presence of dark energy, which
results in the following.
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THE FRIEDMANN EQUATIONS
The scale factor a(t) obeys the Friedmann

FEquation:
a\®_ &G  k
a) 3 a?

Additionally a(t) obeys

47G

=-—5 (p+3p)

Q| &

This is sometimes referred to as the second Fri-
edmann equation.

However, we can also look at the conservation of the
energy-momentum tensor:

. a
0=D,T" =— (p+3(p+p)a)

ENERGY-MOMENTUM CONSERVATION
The energy-momentum tensor is conserved if
the energy density and pressure obey

. 34
p=-—(p+p)

This equation holds for each type of cosmolo-
gical fluid individually, and therefore also holds
for the total universe. This is because in this
model the fluids do not interact with each ot-
her.

It is noteworthy that the (first) Friedmann Equation
together with energy-momentum conservation leads to
the second Friedmann Equation.

D. Evolution of the Scale Factor

Let us introduce the time-dependent Hubble parame-
ter H(t) = & as well as the critical density:

_3H 2
pcrlt - 87T G
and the density parameter:

o8¢

3H?2
with these the Friedmann Equation can be written

k

0-1=fpgp



thus we can associate the different values of Q to the
different models of the universe

Q < 1|k = —1|Open Universe
Q=1|k=0 |Flat Universe
Q2 >1k=1 |Closed Universe

1. Composite Model

We will now consider a model of the universe, which
consists of four different species of cosmological fluids
« Radiation, pr. w =
e Baryonic Matter, pg. w =0
e Dark Matter, ppm. w =0

e Dark energy, pp. w = —1

In this model the total energy-density is
p=pr+pB+ppMm + oA
and
Q=Qr+ 05+ OpMm+ Q0

According to Planck 2015 the current values are

0 |<0.001
Q9 1 005
9 1 026
Q2 | 069

Total 1.00

The total density of the universe is measured to be
p® =86 x 10~ 26kg m—3.

The energy-momentum conservation condition for each
species can be written as

F) a
P_ _31 ¢
P (+w)a

which is solved if we let

n

p(t) xa”
where

nR=4, nB=nDM=3, TLA=0
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Note that H? = % > pi > 0, which is consistent
with an expanding universe when we choose the posi-
tive branch. Additionally

H= —47I'GZ(1 + wi)pi <0

which implies that the Hubble parameter decreases as
a function of time.

The universe is dominated more and more by dark
energy, thus we expect that in the distant future we
will have

a(t) = apetat

2. Past of the Universe

As we saw, a(t) is related to the redshift parameter:
a(to) _
a(t)

where tg is the time now and ¢t is the time which we
are looking back at. Thus

142

pr =00 (1+2), pn =P (1+2)%,
pA = QX))

where M now includes baryonic and dark matter. For
a universe dominated by an energy density we have
that p o< a~™, which implies that a(t) o (t — t4)%.
This implies that there was a beginning of the uni-
verse. However, this is not the case for A-dominated
universes, as their beginning lies at ¢ = —oo.

The dark energy dominated phase of the universe
(now) lies between

A—dominated 0< 2z < 0.4
Whereas the matter dominated phase was at
Matter — dominated 0.4 < z < 3600
and finally

Radiation — dominated 3600 < z

8.  Temperature of the Universe

Currently the temperature of the Universe is Ty =
2.726K. As we look back in time, this temperature will



increase with z, proportionally to (1 + 2), as the tem-
perature is inversely proportional to the wavelength of
the cosmic background radiation:

T(z) =To(1+2)

X. LINEARISED GRAVITY

Consider the limit where g, differs slightly from the
Minkowski metric:
Guv = Nuv + hp,ua |hp,l/| <1

plugging this into the Christoffel symbol and only ke-
eping terms of linear order or less:

1
Y, = 5 (8uh,” + Ovh,P — 8°hy,)

The geodesic equation for massive objects:

42z 1 dz* dz¥
ar _ pP_ g &
dr2? (6“ b 28 hy V) dr dr

The Ricci tensor becomes

1
R, = 3 (8,L8ph,,p +0,0,h,” — O%h — 8H8Vhpp)
where [0? = 9,8*. This expression for the curvature
tensor only includes terms of linear order in h. We can
freely gauge transform our metric without it affecting
the curvature tensor (though it might look different, we

just transformed it using the rules for a (0, 2)-tensor).
In a suitable gauge the Ricci tensor just becomes

1
R, = —EDQhW
in this gauge we have that
oM hy — L hf)]=0
ny 27];111 P -

(up to linear order in h).

LINEARISED EINSTEIN FIELD EQUATIONS:
In the weak field limit of gravity Einstein’s field
equations can be written as

1
02h,,, = —16xG (T”,, = 5anPUT,,C,)

up to linear order in h,, . We impose the Lorenz
gauge on h,,, which implies that

1
o~ (h,w - En,whpp> =0
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A. Gravitational Waves

In vacuum T}, = 0 which implies that the metric must
satisfy the d’Alembert equation:

O?hy =0
We know the form of the solution to this:
huy = Ay exp (ik,x”)
the Lorenz gauge implies that
ktA,, = %k,,n””Am7
Additionally the d’Alembert equation tells us that
kuk* =0

Consider a wave going in the z3 direction, for it we
must have

k* = (w,0,0,w)

which in turn implies that

0 0 0 O

_ |10 Ay A O
0 A —An 0
0 0 0 O

clearly there are two polarisations, both of which are
orthogonal to the direction of propagation — just like
electromagnetic radiation. Setting

h11(t) = By cos(wt + x1), hi2(t) = Bz cos(wt + x2)

we can calculate the proper distance between two test
particles whose position at t = 0 are known to be

(za,y4), (xa+ Locosf,ya + Losin6)

RELATIVE MOTION OF TEST PARTICLES
Consider two test particles that lie in the plane
perpendicular to the propagation of the gravi-
tational wave. Their positions in this plane are
given by Equation[X'A] The proper distance be-
tween these particles is given by

L) [, 1 - i
To = 1+ 5hll(t) cos(26) + §h12(t) sin(26)

where

h11(t) = By cos(wt + x1)
h12(t) = Bs cos(wt + x2)




Using interferometry one can measure this effect, howe-
ver, only for gravitational waves whose wavelengths are
much greater than the size of the device used. The issue
is that we need very large devices in order to obtain the
measurement accuracy required to make these measu-
rements, therefore, the size and energy of gravitational
events that can be measured is limited.
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