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I. GENERAL THINGS

Schrödinger Equation

Time-dependent

iℏ
∂Ψ
∂t

= − ℏ2

2m
∂2Ψ
∂x2

+ VΨ = ĤΨ

Time-independent

If the potential is time-independent we can use separa-
tion of variables to split the PDE into a time dependent
(T (t)) and time-independent (X(x)) part:

Ψ(x, t) = T (t)X(x)
Thus

ĤΨ− iℏ
∂Ψ
∂t

= 0

can be separated into
dT (t)
dt = −

(
iE

ℏ

)
T (t)

and
Ĥψ = Eψ

Thus the general solution to the Schrödinger equation
can be written as

Ψ(x, t) =
∑
n

cnψn(x) exp
(
− iEnt

ℏ

)

Normalisation

The solution to the Schrödinger equation must be nor-
malised, such that

⟨Ψ|Ψ⟩ =
� ∞

−∞
Ψ∗Ψdx =

� ∞

−∞
|Ψ|2dx = 1

Operators

x̂ = x → r̂ = (x, y, z)

p̂ = −iℏ ∂

∂x
→ p̂ = −iℏ∇

Ĥ = − ℏ2

2m
∂2

∂x2
+ V (x) = T̂ + V̂

→ Ĥ = − ℏ2

2m∇2 + V (r)

Expectation values/ averages

⟨Q⟩ =
� ∞

−∞
Ψ∗(x)Q̂ Ψ(x) dx

Commutator

The commutator of two operators Â, B̂ is defined as:

[Â, B̂] = ÂB̂ − B̂Â

NB: [Â, B̂] = −[B̂, Â]

Here are some examples of some useful commutation
relations:

[r̂i, p̂j ] = −[p̂i, r̂j ] = iℏδij
[ri, rj ] = [pi, pj ] = 0

Spin and Angular momentum:

[Li, Lj ] = iℏεijkLk

[Si, Sj ] = iℏεijkSk

where εijk is the Levi-Civita symbol. Or, written in a
way, that one actually can understand:

[Lx, Ly] = iℏLz

[Ly, Lz] = iℏLx

[Lz, Lx] = iℏLy

[Li, Li] = 0

And similar for the spin operators

[Sx, Sy] = iℏSz

[Sy, Sz] = iℏSx

[Sz, Sx] = iℏSy

[Si, Si] = 0

For systems that can have half-spin [−ℏ/2 or ℏ/2 (in
z-direction)] the Ŝ matrices are given by the Pauli ma-
trices:

Ŝx = ℏ
2σx, Ŝy = ℏ

2σy, Ŝz = ℏ
2σz

The Pauli matrices are:

σx =
(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
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For systems that can have integer spins (−ℏ, 0 or ℏ),
the Ŝ matrices become a bit uglier:

Sx = ℏ
√
2

0 1 0
1 0 1
0 1 0


Sy = ℏ

√
2

0 −i 0
i 0 −i
0 i 0


Sz = ℏ

1 0 0
0 0 0
0 0 −1


Otherwise one can also use the following identities:

Sx = 1
2 (S+ + S−)

Sy = 1
2i (S+ − S−)

Remembering that
Ŝ+ |s,m⟩ = Am

s |s,m+ 1⟩
Ŝ− |s,m⟩ = Bm

s |s,m− 1⟩
where

Am
s = ℏ

√
s(s+ 1)−m(m+ 1)

Bm
s = ℏ

√
s(s+ 1)−m(m− 1)

We can do the same thing for the L̂ operators, by let-
ting s→ ℓ (and Ŝ → L̂).

Uncertainty Principle

Once we have the commutators, we can define a gene-
ralised uncertainty principle:

σ2
Aσ

2
B ≥

(
1
2i

〈
[Â, B̂]

〉)2

Conservation laws

Additionally we can define conservation laws, using the
commutators:

d
dt ⟨Q⟩ = i

ℏ
⟨[Ĥ, Q̂]⟩+ ⟨∂Q̂

∂t
⟩

Numerical calculations

Ec =
ℏ2

mx20

How to find eigenvectors and -values:

An eigenvector, v, to a matrix, A is defined as follows:

Av = λv for v ̸= 0, λ ∈ F

where F can either be R or C. The value λ is the eigen-
value that corresponds to the eigenvector, v. A con-
venient way of calculating the eigenvalues is using the
characteristic equation:

det(A− λI) = 0

where I is the identity matrix. Once we have found λ
we can calculate the corresponding eigenvectors:

(A− λI)v = 0

This will give you a system of equations for vx, vy etc.,
however, it doesn’t matter which line of equations we
use, because per definition of the eigenvalue each line
in (A−λI) is linearly dependent (that means each line
holds the same information) – therefore just use the
line that gives you the easiest equation for vx, vy etc.
The equation will give you a ratio between vx and vy,
which is because any vector that has this ratio is an
eigenvector (but it’s usually helpful to chose an eigen-
vector that has magnitude one.)

Operators

Let us suppose we have an operator, Q̂, that can be
represented by a matrix, Q. Usually we know what the
operator does to different states, so we usually also
know what the eigenstates are:

Q̂ |q⟩ = λq |q⟩

We can always use the following definition to calculate
the matrix representation of Q̂, in the basis {|bj⟩}:

Qmn = ⟨bm| Q̂ |bn⟩

If we choose the basis for Q that consists of its eigen-
vectors, it will be a diagonal matrix, with the eigenva-
lues on the diagonal:

Q =


λ1 0 0 . . .
0 λ2 0 . . .
0 0 λ3 . . .
...

...
...

. . .


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Measurements

Again let’s consider an operator Q̂, with matrix repre-
sentation Q. The possible measurement outcomes for
the measurement represented by the operator Q̂ are
its eigenvalues, λq. If we are measuring Q̂ of an arbi-
trary state, χ, it’s convenient to express χ as a linear
combination of the eigenvectors of Q̂, |q⟩:

χ =
∑
q

cq |q⟩

The coefficients, cq, are:

cq = ⟨q|χ⟩

Then the probability of measuring λq will be |cq|2. If
we, for example measure λq, then the wave function
will collapse to the eigenstate, |q⟩, that corresponds to
the λq.

For example. We start in the following state:

Ψ =
(
a
b

)
It’s important that the state is normalised, thus we
require that |a|2 + |b|2 = 1

And we take a measurement using the following ope-
rator:

H =
(
1 0
0 2

)
H has eigenvalues λ1 = 1 and λ2 = 2, with correspon-
ding eigenvectors:

|v1⟩ =
(
1
0

)
, |v2⟩ =

(
0
1

)
Now we express our state, Ψ, in terms of H’s eigen-
vectors:

Ψ = ⟨v1|Ψ⟩ · |v1⟩+ ⟨v2|Ψ⟩ · |v2⟩
= a |v1⟩+ b |v2⟩

The probability of measuring λ1 is defined as:

P (λ1) = ⟨Ψ|v1⟩⟨v1|Ψ⟩ = a∗a = |a|2

Let’s say we do measure λ1, then we know that the
new state of the system as

Ψnew = |v1⟩ =
(
1
0

)
Which therefore affects the probability of the outcomes
of any following measurements.

Other useful formulae

De Broglie wavelength:

λ = 2πℏ
p

= h

p

Energy’s relation to wavelength (λ) and frequency (ν):

E = hν = hc

λ
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II. DIFFERENT POTENTIALS

Harmonic Oscillator

The potential:

V (x) = 1
2mω

2x2

The raising and lowering operators:

â± = 1
√
2ℏmω

(∓ip̂+mωx)

Normalisation after having used â±:

ψn = 1
√
n!
(â+)nψ0

Here are some useful identities:

â+ψn−1 =
√
nψn

â−ψn+1 =
√
n+ 1ψn

â+â−ψn = nψn

â−â+ψn = (n+ 1)ψn

Additionally

â2+ψn−2 =
√
n(n− 1)ψn

â2−ψn+2 =
√
(n+ 1)(n+ 2)ψn

Their commutators are

[â−, â+] = â−â+ − â+â− = 1

The operators can be reformulated:

x̂ =
√

ℏ
2mω (â+ + â−)

p̂ = i

√
ℏmω
2 (â+ − â−)

Allowed energy levels:

En = ℏω
(
n+ 1

2

)
The groundstate:

ψ0(x) =
(mω
πℏ

)1/4
exp

(
−mωx

2

2ℏ

)

The first excited state:

ψ1(x) =
(mω
πℏ

) 1
4

√
2mω
ℏ

x exp
(
−mω2ℏ x

2
)

The n-th eigenstate, can be written using the Hermite
polynomials:

ψn(ξ) =
(mω
πℏ

) 1
4 1
√
2nn!

Hn(ξ) exp
(
−ξ

2

2

)
where:

ξ ≡
√
mω

ℏ
x

Here is a table with the first few Hermite polynomials:

H0(ξ) = 1
H1(ξ) = 2ξ
H2(ξ) = 4ξ2 − 2
H3(ξ) = 8ξ3 − 12ξ
H4(ξ) = 16ξ4 − 48ξ2 + 12
H5(ξ) = 32ξ5 − 160ξ3 + 120ξ

Tabel I: Hermite polynomials

Infinite Square Well

The infinite square well’s potential is given by:

V (x) =
{
0 for 0 ≤ x ≤ a

∞ otherwise

The (normalised) n-th eigenstate is given by, where a
is the width of the well:

ψn(x) =
√

2
a
sin

(nπx
a

)
And the energy of the n-th eigenstate:

En = n2π2ℏ2

2ma2

Delta Function Potential:

The potential is:

V (x) = −αδ(x)
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for some α > 0. There is exactly one bound state:

ψ(x) =
√
mα

ℏ
exp

(
−mα|x|

ℏ2

)
Which has the following energy:

E = −mα
2

2ℏ2

Finite Square Well:

The finite square well has the following potential:

V (x) =
{
−V0 for − a ≤ x ≤ a

0 for |x| > a

There was an exercise where we had to show that the
eigenfunctions to an even potential (V (−x) = V (x)),
then each eigenstate is either even or odd (thus there
do not exist any eigenstates that are neither even nor
odd!).

Even eigenstates:

Griffiths tells us that the energy of the bound, even
eigenstates can be found with:

tan z =
√(z0

z

)2
− 1

where z = ℓa and z0 = a

ℏ
√
2mV0. This is usually done

graphically, but by inspecting the graphs of tan z and
of

√(
z0
z

)2 − 1 we can conclude that the number, n, of
bound, even eigenstates is given by:

n =
⌊z0
π

+ 1
⌋

Odd eigenstates:

In our assignment we showed that the energy of the
bound, odd eigenstates is found using:

cot z = −

√
z20
z2

− 1

where z0 =
√
Ṽ0 and z =

√
2(Ẽ + Ṽ0). Then we con-

cluded that the number of bound, odd eigenstates is

n =
⌊
z0
π

+ 1
2

⌋

Hydrogen Atom:

The potential for a hydrogen atom is:

V (r) = − e2

4πε0
1
r

This is spherically symmetric, therefore we can split
the solution into

Ψnℓm = Rnℓ(r)Y m
ℓ (θ, φ)

Where Y m
ℓ are spherical harmonics, that always can

be used, for spherically symmetric potentials. Rnℓ de-
pends on the potential, therefore the radial part can
only be used for potentials that are proportional to
r−1. Possible values for n, ℓ and m:

ℓ = 0, 1, ..., n− 1
m = −ℓ,−ℓ+ 1, ..., ℓ− 1, ℓ

Angular part

The angular part of the (separable) solution is given
by the spherical harmonics:

Y m
ℓ (θ, φ) =

√
(2ℓ+ 1)

4π
(ℓ−m)!
(ℓ+m)!e

imφPm
ℓ (cos θ)

Where Pm
ℓ are the associated Legendre polynomials.

First a table of the associated Legendre polynomials:

P 0
0 = 1 P 2

2 = 3 sin2 θ

P 0
1 = cos θ P 0

3 = 1
2

(
5 cos3 θ − 3 cos θ

)
P 1
1 = − sin θ P 1

3 = − 3
2 sin θ

(
5 cos2 θ − 1

)
P 0
2 = 1

2

(
3 cos2 θ − 1

)
P 2
3 = 15 sin2 θ cos θ

P 1
2 = −3 sin θ cos θ P 3

3 = −15 sin3 θ

Tabel II: Associated Legendre polynomials. Also on page
137 in Griffiths

And now a table for the spherical harmonics:
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Y 0
0 =

( 1
4π

) 1
2

Y 0
1 =

( 3
4π

) 1
2 cos θ

Y ±1
1 = ∓

( 3
8π

) 1
2 sin θe±iφ

Y 0
2 =

( 5
16π

) 1
2
(
3 cos2 θ − 1

)
Y ±1
2 = ∓

( 15
8π

) 1
2 sin θ cos θe±iφ

Y ±2
2 =

( 15
32π

) 1
2 sin2 θe±2iφ

Y 0
3 =

( 7
16π

) 1
2
(
5 cos3 θ − 3 cos θ

)
Y ±1
3 = ∓

( 21
64π

) 1
2 sin θ

(
5 cos2 θ − 1

)
e±iφ

Y ±2
3 =

( 105
32π

) 1
2 sin2 θ cos θe±2iφ

Y ±3
3 = ∓

( 35
64π

) 1
2 sin3 θe±3iφ

Tabel III: Spherical Harmonics. Also on page 137 in Grif-
fiths

Radial Part

The radial part Rnℓ can be written in the following
form:

Rnℓ ∝
1
r

( r

an

)ℓ+1
e−r/anL2ℓ+1

n−ℓ−1 (2r/an)

Where

Lp
q(x) = (−1)p

(
d
dx

)p

Lp+q(x)

So here are the first few Rnℓ:

But what does it mean!

Often we write the state Ψnℓm as |nℓm⟩. A measure-
ment of the energy is accomplished with the Hamilto-
nian operator:

Ĥ |nℓm⟩ = En |nℓm⟩

Where

En = −
[
me

2ℏ2

(
e2

4πε0

)2] 1
n2

= −13.6 eV
n2

= E1

n2

Here is a table of the first few energies of the hydrogen
atom:

R10 = 2a−3/2 exp(−r/a)

R20 = a−3/2
√
2

(
1− r

2a

)
exp(−r/2a)

R21 = a−3/2

2
√
6

(
r

a

)
exp(−r/2a)

R30 = 2a−3/2

3
√
3

(
1− 2r

3a + 2
27

(
r

a

)2
)
exp(−r/3a)

R31 = 8a−3/2

27
√
6

(
1− 1

6
r

a

)(
r

a

)
exp(−r/3a)

R32 = 4a−3/2

81
√
30

(
r

a

)2
exp(−r/3a)

R40 = a−3/2

4

(
1− 3r

4a + 1
8

(
r

a

)2
− 1

192

(
r

a

)3
)
e−r/4a

R41 = 5
16

√
15

a−3/2
(
1− r

4a + 1
80

(
r

a

)2
)(

r

a

)
e−r/4a

R42 = 1
64

√
5
a−3/2

(
1− r

12a

)(
r

a

)2
exp (−r/4a)

R43 = a−3/2

768
√
35

(
r

a

)3
exp (−r/4a)

Tabel IV: Spherical Harmonics. Also on page 151 Griffiths

E1 −13.6 eV
E2 −3.4 eV
E3 −1.5 eV
E4 −0.85 eV
E5 −0.54 eV
E6 −0.38 eV

A measurement of the angular momentum is rather
weird, due to the fact that L̂x, L̂y and L̂z don’t com-
mute. Therefore one often measures the length of the
angular momentum vector L̂2, as well as one of the
components, for example L̂z. When we measure these,
we get the following:

L̂2 |nℓm⟩ = ℏ2ℓ(ℓ+ 1) |nℓm⟩
L̂z |nℓm⟩ = ℏm |nℓm⟩

Thus the quantum number ℓ tells us something about
the length of the angular momentum, and the quantum
number m tells us about the component of angular
momentum along the z-axis.
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ℏ = 1.0545718× 10−34Js
h = 6.62607015× 10−34Js

III. MATHEMATICS

Spherical Coordinates:

x = r cosφ sin θ
y = r sinφ sin θ
z = r cos θ

The (determinant of the) Jacobian for the transforma-
tion from cartesian to spherical coordinates is r2 sin θ,

therefore every spherical integral will look like this:
� 2π

0

� π

0

� ∞

0
(· · · ) r2 sin θ drdθdφ

Exponential integrals:
� ∞

0
xn exp

(
−x
a

)
dx = n! an+1

Gaussian integrals:
� ∞

0
x2n exp

(
−x

2

a2

)
dx =

√
π
(2n)!
n!

(a
2

)2n+1

� ∞

0
x2n+1 exp

(
−x

2

a2

)
dx = n!

2 a
2n+2

IV. CONSTANTS
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