I. GENERAL THINGS

Schrodinger Equation

Time-dependent
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If the potential is time-independent we can use separa-
tion of variables to split the PDE into a time dependent
(T'(t)) and time-independent (X (z)) part:
U(z,t) =T)X (x)
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Thus the general solution to the Schrodinger equation
can be written as

¥(z,t) = Z cnthn(z) XD (_b;it)

Normalisation

The solution to the Schrédinger equation must be nor-
malised, such that
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Operators
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Expectation values/ averages
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Commutator

The commutator of two operators fi, B is defined as:
(A, B] = AB— BA
NB: [4, B] = —[B, 4]

Here are some examples of some useful commutation
relations:

[ﬂyﬁj] = —hﬁi,fj] = ihéij
[ri,7j] = [pi,pj] = 0

Spin and Angular momentum:

[Ls, Lj] = ihegjp Ly
[Si, S;] = iheijrSk

where €;;;, is the Levi-Civita symbol. Or, written in a
way, that one actually can understand:

[La, Ly] = ihL,
[Ly,L.] = ihL,
[L.,Ls] = ihL,
[Li,L;] =0

And similar for the spin operators

[Sa, S,] = ihS.,
[Sy,S:] = ihS,
[S., S.] = ihS,
[Si,S:] =0

For systems that can have half-spin [—//2 or h/2 (in
z-direction)] the S matrices are given by the Pauli ma-
trices:

The Pauli matrices are:
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For systems that can have integer spins (—h, 0 or h),
the S matrices become a bit uglier:

p (010
S,=— 1101
v2\o 10
0—i 0
h
S,=—=|i 0 —i
v2\o i o
10 0
s,=nloo o
00 -1

Otherwise one can also use the following identities:
1
Sy = 3 (S¢+5-)
1
Sy=—=(S+—-5-
Remembering that
Sy |s,m) =A™ |s,m + 1)
S_|s,m)=B™|s,m —1)

where

AT =hy/s(s +1) —m(m + 1)
B™ =hy/s(s+1) —m(m —1)

We can do the same thing for the L operators, by let-
ting s > £ (and S — L).

Uncertainty Principle

Once we have the commutators, we can define a gene-
ralised uncertainty principle:

Aoy 2 (R (AB))

Conservation laws

Additionally we can define conservation laws, using the
commutators:
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Numerical calculations
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How to find eigenvectors and -values:

An eigenvector, v, to a matrix, A is defined as follows:
Av=X v forv#0, AeF

where F can either be R or C. The value A is the eigen-
value that corresponds to the eigenvector, v. A con-
venient way of calculating the eigenvalues is using the
characteristic equation:

det(A—MXI)=0

where I is the identity matrix. Once we have found A
we can calculate the corresponding eigenvectors:

(A-X)v=0

This will give you a system of equations for v, v, etc.,
however, it doesn’t matter which line of equations we
use, because per definition of the eigenvalue each line
in (A— AI) is linearly dependent (that means each line
holds the same information) — therefore just use the
line that gives you the easiest equation for v, v, etc.
The equation will give you a ratio between v, and vy,
which is because any vector that has this ratio is an
eigenvector (but it’s usually helpful to chose an eigen-
vector that has magnitude one.)

Operators

Let us suppose we have an operator, Q, that can be
represented by a matrix, ). Usually we know what the
operator does to different states, so we usually also
know what the eigenstates are:

Qlg) = Aqlg)

We can always use the following definition to calculate
the matrix representation of @, in the basis {|b;)}:

an = <bm| Q |bn>

If we choose the basis for @ that consists of its eigen-
vectors, it will be a diagonal matrix, with the eigenva-
lues on the diagonal:

A1 0 O
0 X O



Measurements

Again let’s consider an operator Q, with matrix repre-
sentation (). The possible measurement outcomes for
the measurement represented by the operator ) are
its eigenvalues, )A;. If we are measuring () of an arbi-
trary state, X, it’s convenient to express x as a linear
combination of the eigenvectors of @), |g):

X=> cla)

The coefficients, c,, are:

cg = {qlx)

Then the probability of measuring A\, will be |cy|?. If
we, for example measure )\;, then the wave function
will collapse to the eigenstate, |g), that corresponds to
the A,.

For example. We start in the following state:

-9

It’s important that the state is normalised, thus we
require that |a|? + [b|> = 1

And we take a measurement using the following ope-

rator:
10
7= (5 3)

H has eigenvalues A\; = 1 and Ay = 2, with correspon-
ding eigenvectors:

= (). =)

Now we express our state, ¥, in terms of H’s eigen-
vectors:

U = (01]¥) - [v1) + (v2|T) - |v2)
=alvy) +blva)
The probability of measuring \; is defined as:
P(\) = (P|v1)(v1|¥) = a*a = [a|*

Let’s say we do measure \;, then we know that the
new state of the system as

Upew = |1) = ((1))

Which therefore affects the probability of the outcomes
of any following measurements.

Other useful formulae

De Broglie wavelength:
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Energy’s relation to wavelength (\) and frequency (v):



II. DIFFERENT POTENTIALS

Harmonic Oscillator

The potential:

1
Viz) = §mw2x2

The raising and lowering operators:

a+ = (Fip + mwz)

1
vV 2hmw

Normalisation after having used a4:

o = \/%(cu)"wo

Here are some useful identities:

Additionally

&ilpn—? =V n(n - 1) n
a2 Yny2 = V/(n+1)(n + 2),

Their commutators are

[d_,&+] = LAI,_CAL+ - d+&_ = 1

The operators can be reformulated:

p=1/" (4, +a)
“Vomw T h

. [hmw R
=1 2 (a4 —a-)

The groundstate:

mw\ 1/4 mwx?
‘/’O(m)_(%) eXp<_ oh

The first excited state:
Pi(z) = (%)% 2mwxex (—%:1:2)
WO =\7n) Vn %P 7

The n-th eigenstate, can be written using the Hermite
polynomials:

(@)= (22)' = H@ew (-5)

where:

Here is a table with the first few Hermite polynomials:

Ho(¢) =1
Hl(&) =2¢
Hy(¢) =48 -2

Hj(¢) = 8¢% —12¢
Hy(€) = 16¢* — 48¢% 4+ 12
Hs(€) = 3265 — 160¢3 4 120¢

Tabel I: Hermite polynomials

Infinite Square Well
The infinite square well’s potential is given by:

V(z) =

0 for 0<z<a
oo otherwise

The (normalised) n-th eigenstate is given by, where a
is the width of the well:

inte) = o (57)

And the energy of the n-th eigenstate:

n2m2h2

E P
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Delta Function Potential:

The potential is:

V(z) = —ad(z)



for some a > 0. There is exactly one bound state:

8 o (-]

Which has the following energy:

ma?

E=-22
212

Finite Square Well:

The finite square well has the following potential:

_ —a<z<
V() = Vo for a<z<a
0 for |z|>a

There was an exercise where we had to show that the
eigenfunctions to an even potential (V(—z) = V(z)),
then each eigenstate is either even or odd (thus there

do not exist any eigenstates that are neither even nor
odd!).

Even eigenstates:

Griffiths tells us that the energy of the bound, even
eigenstates can be found with:

2
tan z = (Z—O) -1
z

where z = fa and 2y = %\/ 2mVy. This is usually done
graphically, but by inspecting the graphs of tan z and

of 4/ (%’)2 — 1 we can conclude that the number, n, of

bound, even eigenstates is given by:

=2
™

0dd eigenstates:

In our assignment we showed that the energy of the
bound, odd eigenstates is found using;:

cotz=—4/ 2 —1

where zg = \/VO and z = \/2(57 + f/o) Then we con-

cluded that the number of bound, odd eigenstates is

_|=n 1
n=|243)

Hydrogen Atom:

The potential for a hydrogen atom is:

e 1

vir) = _47r50 r

This is spherically symmetric, therefore we can split
the solution into

Voem = Rne (T)Y'em(e’ ¢)

Where Y,;™ are spherical harmonics, that always can
be used, for spherically symmetric potentials. R, de-
pends on the potential, therefore the radial part can
only be used for potentials that are proportional to
r~1. Possible values for n, ¢ and m:

£=0,1,..,n—1

m=—b,—6+1,..,0—1,¢

Angular part

The angular part of the (separable) solution is given
by the spherical harmonics:

szm(a’ ¢) — \/(264: 1) Ei ; Ziieinuﬁpgn(cos 0)

Where P;" are the associated Legendre polynomials.

First a table of the associated Legendre polynomials:

Pd=1 PZ =3sin*6

P = cos @ P§=%(5cos39—3cos0)
P} = —sinf P;:—%sin9(5c0529—1)
P) =1 (3cos20— 1) PZ = 15sin?fcos

Py = —3sinfcosf |P$ = —15sin®0

Tabel I1: Associated Legendre polynomials. Also on page
187 in Griffiths

And now a table for the spherical harmonics:



W= (&)

1
Y0 = (%)5 cosd
Ylil =F (837r) 3 sin feti®
V= (2)? (cos?6 1)
Y2il =F (;fr) sin 6 cos fe**¢
y£2 _ (15 3 .2 +2i

5 ( %22 sin® fe

YY) = (# 2 (5cos 0—3(:059)
YBil =F (sTl)% sin 6 (5 cos? 9 — 1) et
Y2 = 1(2)—5)% s1n 2 0 cos et
Y3i3 =F (Gi—‘:) sin® QeT3i®

Tabel III: Spherical Harmonics. Also on page 137 in Grif-
fiths

Radial Part

The radial part R,, can be written in the following
form:

1 o1
Ry x - <%) _’“/‘I"L%+1 _,(2r/an)

Where

5@ = 17 (&) Lowal@

So here are the first few R,:

But what does it mean!

Often we write the state ¥,pm, as [ném). A measure-
ment of the energy is accomplished with the Hamilto-
nian operator:

H |ntm)

B |me (N1
T [ 2R2 \ 47eg n?
1366V B

n2 - n2

= E, |nfm)

Where

Here is a table of the first few energies of the hydrogen
atom:

Rio = 2a~%/% exp(—r/a)
a=3/? r

Ry = 7 (1 - %> exp(—r/2a)
a=3? /p

Ry = W (a) exp(—r/2a)

Ra3o = % (1 — ;—Z + % (2)2) exp(—r/3a)

R = e (1= 52) (3) v

R32 = é(;j;;) (2)2exp(—r/3a)

ra= " (1 (2)2 “m (i) )
fan = 16\5/ﬁ“_3/2 (1 wtw(3) ) (&)

0
Ry = La_s/2 ( ) ( ) exp (—r/4a)
64v/5 12a

Ris= 2 (%) exp (-1
= - €X] —r/4a
>~ 768y/35 \a) T

Tabel IV: Spherical Harmonics. Also on page 151 Griffiths

E; —13.6eV
Ez —3.4eV
E3; —1.5eV
Es —0.85€eV
Es —0.54eV
Ee¢ —0.38¢eV

A measurement of the angular _momentum is rather
weird, due to the fact that Lz, L and L, don’t com-
mute. Therefore one often measures the length of the
angular momentum vector L2, as well as one of the
components, for example L,. When we measure these,
we get the following:

L2 |nem) = h20(¢ + 1) |nfm)
|

L, |ntm) = hm |ntm)

Thus the quantum number £ tells us something about
the length of the angular momentum, and the quantum
number m tells us about the component of angular
momentum along the z-axis.



h=1.0545718 x 10~34Js
h = 6.62607015 x 10~3*Js

ITII. MATHEMATICS

Spherical Coordinates:

T =rcos¢sind
y =rsin¢sind
z=rcosf

The (determinant of the) Jacobian for the transforma-
tion from cartesian to spherical coordinates is 72 sin 6,

therefore every spherical integral will look like this:

2m ™ o)
/ / / (---)r?sin@ drdfde
0 0 0

Exponential integrals:

*° z
/ " exp (——) dz =nla™!
0 a

Gaussian integrals:
© 2 2n)! 2n+1
/ 2 exp (_w )dx: St (2
0 a n!

— 5
(e o] 2 |
T n.
/ w2n+1 exp -= dzx = _a2n+2
0 a 2

IV. CONSTANTS
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