Time-independent perturbation theory

Let’s assume we are dealing with a Hamiltonian of the
form

H=H’+H'
where we know the solutions to:
H%n = Egtn
Generally we would write the corrected energies and
states ad*t
E,=E)+E, +E2+
Yn = Yn +¥n + 95 +

Non-degenerate:

If B = E) = m = n then we can use non-
degenerate perturbation theory. In this case the energy
corrections take the following form:

By, = (Yn| H' |¢n)
| ' [90) I”
y Ll 27 V)

E} =
E) — EY,

n
m#n

And the first order state correction is given by:

_y <¢m|H’ [¥n)

TEQ-EY, "B gy, m

m#n
Degenerate:

Suppose we are dealing with n-fold degeneracy, which
means that there are n states, 12, such that

Hoy) = E%),  ($7[9}) = &
Now we define the perturbation matrix, W, as:
Wi = (87| H' [¢7)

Note that W;; = W5 because H' is hermitian. Now,
the first order corrections to the energies will be given
by the eigenvalues of W.

Good states:

The perturbation matrix will usually not be a diagonal
matrix in the {;} basis. However, we can use linear
combinations of v; to find the "good'states, i.e. states
for which W is diagonal, if these states are used as the
basis. Thus we need to do the following;:

* note that the superscript denotes the order of the correction,

and should therefore not be interpreted as an exponent.

1. Calculate W
2. Determine W’s eigenvalues and eigenvectors

3. The eigenvectors are the "good“states[ﬂ

Given {1;} it does not make sense to ask "whose eigen-
values follow which path in the perturbation diagram".
However, once we have determined the "good'states,
this question makes more sense to ask.

The fine structure of the hydrogen atom (and more)
are shown in the Appendix.

Time-dependent perturbation theory

Let us assume we are describing a two-level system,
where the two states are ¥, and i3, and that E, < Ej.
We begin in the state:

\IJ(O) = Ca¢a + Cb"/’ba |ca|2 + |Cb|2 =1

Then we know how the system evolves in time (just
multiply by the wiggle factors). Now we perturb the
system, with a time dependent perturbation:

H(t) = Ho + H'(2)

Then it would make sense to make the coefficients time
dependent:

W(H) = caltibac™ " + e (E)ibre P

By plugging this into the Schrédinger equation and
using some smart tricks, one gets

Ca = %( H,, + cyH e =0t
. Z Tw
& =—7 (caHpo€™ " + coHyy,)
where
wn = Eb - Ea
0= "h
H’Zg = <¢1|Hl |¢J>
However, very often H/, = 0, which simplifies the

calculations significantly. At this point the book as-
sumes this is true, therefore I will do the same. Addi-
tionally, the perturbation must be much smaller than

T The eigenvectors tell you which linear combination of the ori-
ginal states gives the "good"state.



the unperturbed Hamiltonian. Assume we begin in the
state described by

Ca(to) = 1, Cb(t()) =0

without a perturbation the system will stay in this sta-
te indefinitely, therefore to zeroth order, we get:

D=1, ) =0
First order:
D) =1
.t
00 =5 [ @) ar
Second order:

1/t o
@) =13 [ Ha(®)e
0

tl

x Hi, (")t dt" | at’
to
Note that this includes the zeroth order term!
i [t o
() = —~ / H] (t)ei“ot dt’
h Jo
This includes the first order term.

An example of time-dependent perturbation theory is
given in the Appendix.

Selection Rules

Suppose we are interested in a system like hydrogen,
whose Hamiltonian is spherically symmetric. Then we
will specify the state with the usual quantum numbers,
n, £ and m.

Scalar operators
For any scalar operator f it is true that
(n'0'm'| f Infm) = 84S <n'€Han€>
That is to say that the matrix element is only non-
zero when m = m’ and £ = ¢'. The odd looking matrix

element is just a way of saying that it is a constant
that depends on n, n’ and £, but not m.

Vector operators

For the matrix elements

(n'm/| V; |nfm)

where V is any vector operator and we are looking
at the matrix element that takes the i-th component
of this operator. We can use the selection rules from
chapter 6:

Al=0,£1, and Am=0,%£1

What this means is that the matrix element for any of
the components of the vector operator is zero, unless
the conditions in the above equation are met. This tells
us that some transitions are forbidden!

Specifically for the matrix elements of the components
of

(n''m/| r |nfm)
These are non-zero iff:
Al=+1, and Am=0,%1

The additional constraint, saying that A¢ may not
be 0, comes from selection rules due to the pari-
ty of the wave functions. For example the transition
|200) ~~ |100) is not allowed for electric dipole transi-
tions, because Af = 0.

Variational Principle

For any normalised state, 1, it is true that

Eys < (Y[ H|¢) = (H)

This is true because if we write ¥ out as a linear com-
bination of H’s eigenstates:

|¢) = ch W’n)

and thus

(H) = Z |Cn|2En 2 Z |Cn|2Egs = Eys
n n

as v is normalised. Additionally, if (¢44|¢)) = 0 then
(H) > Efe

where Ey. is the energy of the first excited state.
However, it is not always easy to determine whether

(tgsltb) = 0.

This principle can be extremely useful, because if you
choose a 9 that is similar to the real ground state, you
will get a very good upper bound for the energy of the
ground state. For an example, where the energy of the
ground state of a Helium atom is approximated, see
the Appendix.



The WKB Approximation

The WKB (Wentzel, Kramers, Brillouin) method can
be applied in many different areas of physics, not only
quantum mechanics. In fact, it can be applied to any
differential equation where the coefficient in front of
the highest order differential is very small compared
to the other coefficients. The approximation begins by
rewriting Schrodinger’s equation as:
d2 2

Next we assume that
Y(@) = A@)e

implying that Schrodinger’s equation can be written
as

2m(E -V (z))

and

(42¢)) =0
This is where the approximation comes. Assume that
A"/A < (¢')? and A”/A < p?/h?, then

d

do _ 4P

dzx h

and integrating Equation once:

C

il

Thus

ei% S p(z)d

Notice that
IC|?
p(z)

which bears significant similarity to Heisenberg’s un-
certainty principle.

[ ~

Tunneling

In classically forbidden regions, that is regions where
E < V(z) the momentum is imaginary, which means
that the wave function grows/decays exponentiallyﬂ

_C  t} /e

Y T

¥ notice that there is no % in the exponent!

When discussing transmission over a classically forbid-
den region, we would like to compare the norm of the
wave-function to the left of the barrier with the norm of
the wave-function to the right of the barrier. Assuming
the incident wave is travelling from left to right, and
that there is a low percentage of double reflection (very
little bit of the wave function is travelling to the left),
we can approximate the general solution by a simpler
term:

W(z) ~ o I3 Iz’ o= 12 In(a)lde’
VIp(z)| p(z)|

SO O a1
|p(z)|

where we have put the left barrier at x = 0. Note that
the right barrier is at £ = a, as in the book, on page
359.

Then the relative amplitudes of the incident and trans-
mitted waves is proportional to

(@l |~ fe1pa)ias
[4(0)]

Thus

2 a
T= :%:2 ~e?, g %/0 lp(z)| dz

Note the looseness of ~. This is due to the fact that
there is a missing constant, which is

’p(a)

p(0)

An example is given in the Appendix, where we ap-
proximate the lifetime of nuclei that undergo a-decay.

Some things no one can remember

Generally when dealing with spin the following is true
1
Sy =8+iSy, & S;= §(S++S_)

1
Sy = 5:(5+—5.)
5% |sm) = h?s(s + 1) |sm)
S, |sm) = him |sm)
s=1n, for neN

2
m=—-s,—s+1,...,s—1,s



When dealing with spin-half systems, we use the Pauli
matrices:

(10 (01 (0 —i
92=\0 -1)> 2= \10) %= \i o

These matrices are expressed in the basis of |1), and
|4),, that is the spin-states that point parallel and anti-
parallel to the z-axis. For example these matrices tell
us what the S;, Sy and S, operators do on states that
are expressed in terms of |1), and |{),, as

h
S; = 50'71’ i€ {mvya Z}
it can also be beneficial to know what Sy and S_ are,
expressed in this basis

01 00
S+:h<o o)’ 5—25(1 0)

When dealing with spin-one systems we can do a si-
milar trick, except that the matrices are 3x3, as there
are three states (m € {—1,0,1}). Once again we can
define the raising and lowering operators:

O = O
g
Il
N
>t
O = O
= O O
(== el an)

L (010
S.=" (101
v2\0 10
0 —i 0
h
S, = = i 0 —i
v2\o i o
10 0
hOOO
00 —

once again, this is expressed in the basis of z, thus in
the basis {|1>z ’ |0>z ’ |_1>z}

APPENDIX

Fixing the Hydrogen atom

Due to coupling between the spin of the electron, the
angular momentum of the electron and the spin of the
proton (due to electromagnetic interactions) the Ha-
miltonian is not quite as simple as what we used in
QM1. Instead the resulting Hamiltonian is the old Ha-
miltonian plus some small perturbation.

We split these corrections up into the following terms:

1. Bohr energies (the energies from QM1)

2. Fine structure (relativistic effect and spin-orbit
coupling)

3. Lamb shift (due to the quantisation of the
electric field)

4. Hyperfine structure (interaction between the
magnetic dipole moments of the electron and pro-
ton)

These effects’ order of magnitude is described using the
fine structure constant:

e? - 1
~ 137.036

= dmeghe

In which case the orders of magnitude of the effects are
given by

Effect Order

Bohr energies a?mec?

Fine structure a*mec?

Lamb Shift a’mec?
Hyperfine splitting| (m./m;)a*m.c?

Fine Structure:

The fine structure of hydrogen is due to two separate
effects: a relativistic correction and spin-orbit coup-
ling.

The relativistic correction is due to the relativistic ki-
netic energy being:



The resulting first order correction to the n-th energy
is:

BW = _ (E’(lo))2 ( - 3)

2me2 \£+1/2

Spin-orbit coupling is due to the fact that the electron
sees the proton as a moving charge, which induces a
magnetic field. This magnetic field exerts a torque on
the electron, tending to align the magnetic moment of
the electron with the magnetic field. The Hamiltonian
can be written as

He—pB=(-5 1 s.1
=Tk ~ \dreg ) m2cr3

In order to solve this, we defined the total angular mo-
mentum:

J=L+S

because this allowed us to express S - L as

S-L:%(JZ—LQ—SQ)

Which gave us the first order correction to the energy:

B _ _E,(lo)oz2 n_ 3
o p2 \j+1/2 4

Note that [ —s| < j < {+s.
Zeeman Effect

The Zeeman effect is due to an external magnetic field,
and is therefore split up into three domains, weak-field,
intermediate-field and strong-field Zeeman effect. But
generally the Zeeman effect is due to a coupling be-
tween the spin of the electron to the external magnetic
field, and the angular momentum of the electron coup-
ling to the external magnetic field. The Hamiltonian
for this system is

€
HIZ = % (L+2S) 'Be:ct

1. Weak-Field Zeeman Effect: B.,; < Bj,:, which
means the fine structure dominates. Therefore we
can treat Hponr + H’, as the unperturbed Ha-

miltonian, and H, as the perturbation. The first
order correction in this regime is

€ ~
E(Zl) = %Bewtz' (L +28)

This can be written using the Landé g-factor:

E(ZI) = uBgJBeztm;

where
JjG+1)—L(+1)+s(s+1)
2j(j+1)

and the Bohr magneton, pp is

gr=1+

eh _5€V

2. Intermediate-Field Zeeman Effect: B.,; =~ By,
therefore the effects from fine structure are ap-
proximately of the same magnitude as those from
the Zeeman effect, therefore the unperturbed Ha-
miltonian is that of the Hydrogen atom, and the
perturbation is

H' = Hy + HY,

See page 309 and 310 in the book for a calcula-
tion of the first order correction to the energy of
hydrogen atoms in the first excited state.

3. Strong-Field Zeeman Effect: B.,; > Bj,:, thus
the Zeeman effect dominates over the fine struc-
ture. The Hamiltonian for this is

e
H = Hponr + 2_Be:ct(Lz + 2Sz)
m
We know that [H, L,] = [H,S,] = 0, thus

Enmmgms = Er(zO) + NBBewt(mZ + 2ms)

And now the fine structure must be treated as
a perturbation to the Hamiltonian, and the first
order correction is

BV _ 13.6eVa2 3 L(£+1) — myms
fs " n3 dn  \L(L+1/2)(t+1)

Hyperfine Splitting

The proton constitutes a magnetic moment, though its
moment is far weaker than the electron’s (the magnetic
moment is inversely proportional to the mass):

e e
9p S

py  Me = __Se

He = 2m,, Me

Thus the Hamiltonian of the electron in the magnetic
field due to the proton’s magnetic dipole moment is

., = Hogpe? (3(Sp “P)(Se - P) — Sp - Se
P mym, 8mr3
Sy - Sed3(r)
)

_|_



This leads to the following first order correction to the
energy of the ground state of hydrogen:

20 _ 4g,h* {4—%, (triplet)

hf = 3mym2c2at | -3

-3, (singlet)

The singlet and triplet are due to how spins are added.
For more details on this, see Example 4.5 in the book
(page 176).

Sinusoidal Perturbations

Suppose the perturbation has a periodic time depen-
dence:

H'(r,t) = V(r) cos(wt)
Then
Htlzb = Vapcos(wt), Vap = (a| V [tp)
We assume that we begin in the state U(¢ = 0) = 9,

then to first order we have

, t
cgl)(t) = —%Vba/ cos(wt')e™ot dt’
0

Via ei(wo—i-w)t -1
S 2n ( wo +w

However, we are often interested in the regime where
wo = w, where it is true that

ei(wg—w)t _ 1)

Wy — W

w+ wy > |wo — w|

Thus we can ignore the term where the frequencies are
added. This gives us the following transition probabi-
lity

|V |2 sin? (—(w";w)t)

R (wo —w)?

This gives us a probability that oscillates between 0
and | V|2 /(A% (wo—w)?). Here is a plot of the amplitude
of this oscillation as a function of w:

P(l)

a—b

(t) = eV ))? =

P(w)

1t

wo — 2w/t WO wo + 27/t

Figur 1

Spontaneous Emission

Let us picture a system that starts with N, atoms in
the lower energy state, ¥,, and N, in the higher energy
state, ¥p.

We wish to describe how N, and N, change, as a fun-
ction of time:

dNg

o =N A — NyByap(wo) + NaBapp(wo)

where A is the spontaneous decay/emission rate. By
is the rate at which stimulated excitation/absorption
occurs and By, is the rate at which stimulated
decay/emission occurs. Assuming the system is in equi-
librium the N, = 0, thus

A A

p(wO) - (Na/Nb)Bab - Bba B ehwo/kBTBab - Bba

where the last equality is due to the Boltzmann distri-
bution from thermodynamics. However, we know from
Planck’s blackbody formula that

_h w3
plw) = 7203 ohw/ksT _ |

Thus we conclude that

3
w°h
Bba = Baba A= 2_3Bba

m2c
It can be shown that the stimulated rate of emission
due to incoherent, unpolarised light incident from all

directions is

77 2 _
Ry ya = 32 Ipl° p(wo), g = —e(Po|T[Ya)
thus
_ wilel
3meghcd

The Ground State of Helium

The Hamiltonian for a helium atom (ignoring fine
structure and smaller corrections):

B2 2 /9 2 1
H=—+— (V34 V3) - — (—+— —)

2m 471'80 T1 T2 - |T1 — 7‘2|

and the experimental value for the energy of the ground
state is

E,s = —78.975¢V



If we ignore the term that includes both 7; and 7
we can treat the Hamiltonian as two separable hydro-
gen atoms (with some extra factors) and the energy
would be —109eV = 8FE;. Thus the term we left out is
important if we want a better estimate. Let’s use the
separable solution as the variational wave-function:

136—2(7'1-1-7'2)/(1

Yo(r1,72) = Y100(T1)Y100(12) =

Thus the missing term is

v d3 d3 —4(r1+r2)/a
0= (152, (m3> I ereer =

This integral can be solved using spherical coordinates,
and the value of (V) is:

(Vie) = 346V

which puts the ground state energy at E,s ~ —75€V.
This is close, but by adding another parameter, the ef-
fective charge of the nucleus, Z, we can do even better.
The electrons can diminish the effective charge of the
nucleus, therefore we expect that the effective charge
will be somewhere between 1 and 2. Thus we would
like to use this wave-function:

—Z(r1+r2)/a

P1(r1,m2) = —e

Usually the variational principle doesn’t touch the Ha-
miltonian; however, we can always add and subtract
things, leaving the Hamiltonian unchanged. This will
help us motivate our choice of ;. The rewritten Ha-

miltonian is
e? ( zZ Z )
i _|_ R
Admeg \11 T2

e? Z—-2 Z-2 1
+ + +
4Ameg 1 ) |r1 — 7o

h2 2 2
H:—% (V1+V2) -

Which yields the following energy:
2
(H) = (—222 + 472) E,

where F; is the ground state energy of the hydrogen
atom. Now we can minimise the polynomial in Z, which
reaches a minimum at Z = 1.6875, which puts our
estimate of the ground state energy of a helium atom
at

(H) = —T7.56V

Gamow’s theory of a-decay

Consider the following graph, that depicts the poten-
tial due to the strong nuclear force, together with the

electric force, that an a-particle experiences while in
the vicinity of a nucleus:

V(r)

Figur 2

Thus we are interested in the region between r; and
ro as this is the classically forbidden region. We can
determine the value of ry from the (known) value of
E, using the function of the potential:

1 2Ze?

=F
47T€() T2

Once that is done, all that is left is plugging in. The
resulting expression is

V2mE
~ ;n ( 7'2—2\/7%)

Now this tells us something about T, which is the pro-
bability of transmission. Now we want to determine
the probability of transmission per unit time, which
raises the question: how many times does the particle
"hit"the wall per unit of time? Well, we can relate this
to the velocity of the particle that we measure once
the particle has left the nucleus, v, and to the radius
r1. Note that the particle has to travel 2r; to go from
one wall to the other, thus the probability of decay per
unit time is

2’!‘1

which implies the lifetime of this nucleus is:

2r1 2y V2mE
— ¢ TR

(371~ 2057%)
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