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Groups

A group consists of a set and a composition rule, often
denoted (G, ·), where G is the set and · is the compo-
sition rule. In order for (G, ·) to be a group it needs to
fulfil the following axioms∗:

1. Associativity:

(ga · gb) · gc = ga · (gb · gc), ∀ga, gb, gc ∈ G

2. The identity, I, must exist, for which:

I · g = g · I, I ∈ G, ∀g ∈ G

3. Every element of the group must have an inverse

g · g−1 = g−1 · g = I, ∀g ∈ G

It can be shown that every element has a unique
inverse.

(4.) Closure: If g is in the group and h is in the group
then g · h is in the group.

Generally groups are not commutative, that is

ga · gb ̸= gb · ga (generally)

However, if this is the case we refer to the group as
an abelian group. For example rotations in two dimen-
sions form an abelian group under composition of ro-
tations. However, rotations in three dimensions are not
commutative – see Figure 2 in chapter I.1.

A subgroup, H ⊂ G, is a group for which†

h ∈ H =⇒ h ∈ G

Note that the axioms for groups put significant con-
straints on H. For example if G has N elements, and
H has M elements, then M |N (that means that N di-
vided by M is an integer), this is Lagrange’s theorem.

Cyclic subgroups

Given a finite group, G, let us pick an element, g, and
repeatedly multiply it with itself. g2 ∈ G by closure,
and hence g3 ∈ G etc. There must exist some positive
integer, k, such that gk = I, because the group is finite.
We have just created a cyclic subgroup of G, which has
order k. So a cyclic subgroup of G is any subgroup that
can be written in the form{

I, g, g2, · · · , gk−1} , for 0 < k ≤ |G|

∗ Remember ∀ looks like an upside down A: it means "for all".
and ∃ is a backwards E: it means "there exists".

† This is an implication, not a bi-implication. Thus if h ∈ H
then h ∈ G (but not every element in G is in H...)

where |G| denotes the number of elements in G (the
order of G).

Direct product of groups

Given two groups, (G, ·) and (H, ◦), then the direct
product (G ⊗ H, •) is also a group. The elements of
this group are

(g, h) for g ∈ G, h ∈ H

and composition occurs elementwise:

(g1, h1) • (g2, h2) = (g1 · g2, h1 ◦ h2)

The following is true:

|G⊗H| = |G||H|

For example Klein’s Vierergruppe is a direct product
group Z2 ⊗ Z2. Z2 has elements {0, 1} hence

Z2 ⊗ Z2 =
{(

0
0

)
,

(
1
0

)
,

(
0
1

)
,

(
1
1

)}
Under elementwise addition, modulo 2.

A. Zee is confusing and says that

Z2 ⊗ Z2 =
{(

−1
−1

)
,

(
1
−1

)
,

(
−1
1

)
,

(
1
1

)}
under elementwise multiplication. However, these two
groups are in fact isomorphic to each other, and can
therefore be thought of as the same group. In fact they
are two representations of the same group structure.

Multiplication tables

Given a group of order n we can define its multiplica-
tion table, whose i-j-th entry is the composition gi ·gj .
By the group axioms every element in the group ap-
pears once and only once in every column and every
row. Additionally, the first row and column are filled
out trivially, because these are the elements that ha-
ve been multiplied by the identity. Let’s suppose our
group has 4 elements, I, A, B and C:

I A B C

I I A B C

A A A2 AB AC

B B BA B2 BC

C C CA CB C2

where the composition is implied. In the appendix I
will fill out this table.

Abelian groups’ multiplication tables are symmetric.
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Homomorphism and Isomorphism

A map Φ : G→ G′ is a homomorphism if

Φ(g1g2) = Φ(g1)Φ(g2), g1, g2 ∈ G

This mapping is an isomorphism if it additionally is
bijective. For example Z6 ∼= Z2 ⊗ Z3, where "∼="means
"is isomorphic to". But A. Zee doesn’t write ∼=, instead
he uses =, which I find very confusing.

Important fact about groups

Every finite group is isomorphic to a subgroup of Sn
for some n. Think about the multiplication table, and
that the "title-row is the unpermuted group (it’s just
the group in some order). The first row (where we mul-
tiplied by I) is thus just the trivial permutation, the
second row is some permutation etc. Therefore each
element in the group corresponds to some permuta-
tion of the group – thus we can define an isomorphism
from every group to a subgroup of Sn.

Finite Groups

The permutation group, Sn, describes the permutation
of n numbers (or letters or objects). There are different
ways of denoting the elements in Sn. Let us look at S5
specifically. An element in S5 might be

g =
(
1 2 3 4 5
4 1 5 2 3

)
where this means that 1⇝ 4, 2⇝ 1, 3⇝ 5, 4⇝ 2 and
5 ⇝ 3. One can also use cycle notation. Our example
from before would be written

g = (142)(35)

because 1 goes to 4 which goes to 2 which goes to 1
and 3 goes to 5 which goes to 3.

Any permutation in Sn can be written as a product
of nj j-cycles, provided

∑
j jnj = n. Given a cycle

structure characterised by integers nj , then there are

N = n!∏
j j

njnj !

cycles with this structure.

An is the subgroup of Sn that contains all of Sn’s even
permutations. The dimensions are

d

Sn n!
An

n!
2

Rules for multiplying cycles:

It’s always easiest just to write it out. For example
what is (135)(24)(521)(34)? Well

(135)(24)(521)(34) = ( 1 2 3 4 5
3 4 5 2 1 ) ( 1 2 3 4 5

5 1 4 3 2 )

=
( 1 2 3 4 5

5 1 4 3 2
1 3 2 5 4

)
= (1)(23)(45) = (23)(45)

However there are tricks that can be used so one do-
esn’t need to write it all out.

1. If two cycles do not have any numbers in com-
mon, then they commute.

2. If two cycles have one number in common then
they can be contracted, for example (12)(23) =
(123). Also (12)(23)(34) = (12)(234) = (1234)

3. (12)(21) = I. Because swapping two things twice
is the same as not doing anything

A two-cycle (cycle with two numbers in it) is odd and
a three-cycle is even. Generally even numbered cycles
are odd and odd numbered cycles are even. Another
way of saying this is that a permutation is even if it
decomposes into an even number of 2-cycles (and odd
otherwise).

Equivalence Classes

Two elements, g and g′, in a group G are equivalent
(and hence in the same equivalence class) if

g′ = f−1gf

for some f ∈ G. Equivalence is transitive, thus if g and
g′ are equivalent and g′ and g′′ are equivalent then g
and g′′ are too.

1. In an abelian group every element is only equi-
valent to itself

2. The identity is always in its own equivalence class

3. The inverse of all elements in a class also form a
class

Dihedral group Dn

The dihedral group describes rotations together with
reflections of an n-sided polygon. Let R be the rotation
through 2π/n radians and r the reflection through a
median (if n is odd the median passes through the
centre of the polygon and one vertex, if n is even the
median passes through two vertices, each on opposite
sides). The group can be represented by

Dn = {I,R,R2, · · · , Rn−1, r, Rr,R2r, · · · , Rn−1r}

note that

Rn = I, r2 = I
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The quaternionic group Q

Hamilton generalised the imaginary unit with his qua-
ternions; they are defined as

i2 = j2 = k2 = −1
ij = −ji = k

jk = −kj = i

ki = −ik = j

which I suppose could be written as

αβ = εαβγγ − δαβ

This group is not abelian (it is anticommutative).

The invariant subgroup

Let H be a subgroup of G. H is an invariant subgroup
if

ghg−1 ∈ H, ∀h ∈ H, ∀g ∈ G

This is sometimes also written as

gHg−1 = H, g ∈ G

hence the subgroup H is invariant under similarity
transformations. Derived subgroups

Given a group, G, then the derived subgroup is gene-
rated by all elements of the form

{a−1b−1ab : a, b ∈ G}

So we look at all the products a−1b−1ab and let a and
b range through all elements in G.

Rotations

We can expand infinitesimal rotations up to the linear
term, that is

R(θ) ≈ I +A

where A is an infinitesimal matrix of order θ. Rotations
must be orthogonal

RTR = I = (I +AT )(I +A) = I +AT +A = I

again neglecting higher order terms, hence AT = −A.
If A is antisymmetric, then it is proportional to

J ≡
(

0 1
−1 0

)
hence

R(θ) ≈ I + θJ =
(

1 θ

−θ 1

)

The full matrix is given by infinitely many infinitesimal
rotations:

R(θ) = lim
N→∞

(
R

(
θ

N

))N

= eθJ =
(

cos θ sin θ
− sin θ cos θ

)

This approach can also be generalised to higher dimen-
sions, however our matrix J is replaced by numerous
matrices (in d dimensions there are 1

2d(d−1) of these).
For example in three dimensions

Jx =
( 0 0 0

0 0 1
0 −1 0

)
, Jy =

( 0 0 1
0 0 0
−1 0 0

)
, Jz =

( 0 1 0
−1 0 0
0 0 0

)
In which case

R(θ) = eθxJx+θyJy+θzJz

But physicists often define Jk = −iJk, hence

R(θ) = ei
∑

k
θkJk

The matrices J are called the generators of the rotation
group (and the Lie algebra). For higher dimensions we
must use two indices to indicate which rotation is me-
ant. For example J13 would be rotating the 1-3-plane
about itself. The ab-th entry in the matrix Jmn is given
by

(Jmn)ab = −i
(
δmaδnb − δmbδna

)
= −iεabcεmnc

this holds in all dimensions. These are the generators
of SO(N), the special orthogonal group. We denote its
Lie algebra as so(N). "Special"refers to the fact that
the matrices have det = 1 and "orthogonal"refers to the
orthogonality of all the group’s elements. N specifies
that the group describes rotations in N dimensions.

Lie Algebra

Generally rotations do not commute (again see Figure
2 in chapter I.1.), hence we define the commutator :

[A,B] ≡ AB −BA

In the case of the generators

[Ja, Jb] =
∑
c

iεabcJc

where εabc is the totally antisymmetric tensor (Levi-
Civita). εabc is the structure constant of the Lie Alge-
bra. Generally, however,

[Ta, Tb] =
∑
c

ifabcTc = ifabcTc

where Ti are the generators of the Lie Algebra. Due to
the fact that [· , ·] is antisymmetric (by definition), fabc
is also antisymmetric. Note that I have used Einstein’s
summation convention; I will try to avoid this at all
costs to make things easier to read.
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Representation Theory & Character Tables

The notion of a group and an algebra is quite abstract –
the elements in these can be vectors and matrices, but
they can be anything. However, representation theory
is all about representing these elements by matrices or
tensors. Let D(g) be the matrix that represents the
group element g, then it must be true that

D(g1g2) = D(g1)D(g2)

Note that this is the definition of a homomorphism!
Usually we deal with isomorphisms, because it makes
sense to allocate a unique matrix to every group ele-
ment.

At this stage there is a bit of confusion. The group ele-
ments are represented by matrices (and later on ten-
sors), and these matrices act on vectors (lower rank
tensors later on). For example rotations in 2D can be
represented by

R(θ) =
(
cos θ − sin θ
sin θ cos θ

)
and these matrices act upon (and rotate) 2-vectors. We
say that this representation is furnished by vectors.

Now that we have defined the representation, we can
define the character, χ, of each element, g:

χ(r)(g) = TrD(r)(g), g ∈ G

The character is dependent on which representation we
chose, which is why we need to include the superscript
(r), which just tells us which representation we are
looking at.

An important characteristic of the trace is that it is
invariant under cyclic permutation, hence

Tr(ABC) = Tr(CAB) = Tr(BCA)

Therefore every element in an equivalence class has the
character:

Tr(f−1gf) = Tr(ff−1g) = Tr(g)

Similarity transformations of any representation does
not change the character:

D′ = S−1DS ⇝ Tr (D′) = Tr
(
S−1DS

)
= Tr (D)

Reducible and irreducible representations

Let’s look at SO(3). The trivial 1-dimensional repre-
sentation (D(1)(g)) is a representation of all groups (it
fulfils all the requirements). Another representation of
SO(3) is the 3-dimensional representation (D(3)(g)),
which we know well (3×3 special orthogonal matrices).

We can take the direct sum of these representations,
for example

D(g) = D(1)(g)⊕D(1)(g)⊕D(3)(g)⊕D(3)(g)

=


D(1)(g) 0 0 0

0 D(1)(g) 0 0
0 0 D(3)(g) 0
0 0 0 D(3)(g)


this is an 8-dimensional representation, yet it is
not particularly interesting, because it decomposes
into two 1-dimensional representations and two 3-
dimensional representations. Therefore we say that this
representation is reducible. We focus primarily on ir-
reducible representations, as we can build all reducible
representations using these.

Unitarity Theorem: All finite groups have unitary re-
presentations, that is representations for which

D(g)†D(g) = I, ∀g ∈ G

In general this is not true for infinite groups. However
if it does hold for an infinite group, we refer to the
group as compact.

Schur’s Lemma: IfD(g) is an irreducible representation
of a finite group,G, and if there is some matrix, A, such
that AD(g) = D(g)A for all g, then A = λI for some
constant λ.

That is, if D(g) is an irreducible representation of a
group, then the only matrix that commutes with D(g)
is (a constant times) the identity matrix.

The Great Orthogonality Theorem: Given a d-
dimensional irreducible representation D(g) of a finite
group G, we have

∑
g

D†(g)ijD(g)kl = N(G)
d

δilδ
k
j

Additionally for two representations r and s we have
that ∑

g

D(r)†(g)ijD(s)(g)kl = N(G)
dr

δrsδilδ
k
j

Let i = j and k = l and sum over all values of i and k,
then we get:

∑
g,i,k

D(r)†(g)iiD(s)(g)kk =
∑
i,k

N(G)
dr

δrsδikδki

The left-hand side is the product of the traces of the
two matrices and hence the product of the characters
in each representation, and the right-hand side gives
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us dr times what we had before (because i and k are
summed over dr different values), thus∑

c

nc(χ(r)(c))∗χ(s)(c) = N(G)δrs

the nc appears because we change our summation from
going over each group element, to going over each class.
The class, c, has nc elements.

Now we are ready to introduce the character table.
Begin by writing out each equivalence class, each in
its own row of the table. Next add a column for each
irreducible representation. Note that

N(R) = N(C)

The number of irreducible representations is equal to
the number of equivalence classes. Hence the table has
as many rows as it has columns – it is square. Now we
fill in the elements: the element in row c and column r
is equal to χ(r)(c). For example, for A4:

A4 nc c 1 1′ 1′′ 3
1 I 1 1 1 3
3 (12)(34) 1 1 1 −1
4 (123) 1 ω ω∗ 0
4 (132) 1 ω∗ ω 0

We can find ω by using the different rules we just di-
scussed. The result is

ω = ei
2π
3

In the appendix I fill out the character table for Q.

Using these we can also test for reducibility: Given a
representation D(g) its characters will be given by

χ(c) =
∑
r

nrχ
(r)(c)

For r ranging over all irreducible representations (This
is naturally true – if D(g) is irreducible then nr is
zero for all representations, except when it is one. If
D(g) is reducible it must decompose into irreducible
representations, in which case this is most definitely
true). It can be shown that∑

c

ncχ
∗(c)χ(c) = N(G)

∑
r

(nr)2

hence by taking the trace of our representation (and
summing over all classes) we can establish which irre-
ducible representations appear how many times in the
direct sum!

Regular representation

Let N(G) be the number of elements of the group (i.e.
the order of the group). As discussed previously, eve-
ry group is isomorphic to a subgroup of SN(G), and
SN(G) has a defining representation with dimension
N(G). Hence every group has a representation of order
N(G), which is known as the regular representation.
Note that the regular representation is reducible (usu-
ally). For the regular representation nr = dr, hence
the regular representation decomposes into nr terms
of the representation r. The regular representation is
block diagonal.

Here are all the rules we have for the character tables:

1. Dimensions of the irreducible representations∑
r

d2r = N(G)

2. Column orthogonality∑
c

nc
(
χ(r)(c)

)∗
χ(s)(c) = N(G)δrs

3. Row orthogonality∑
r

(
χ(r)(c)

)∗
χ(r)(c′) = N(G)

nc
δcc

′

4. The character table is square
N(C) = N(R)

Additionally we have two rules for the decomposition
of reducible representations

1.
∑
c

ncχ
∗(c)χ(c) = N(G)

∑
r

n2r

2.
∑
c

nc
(
χ(r)(c)

)∗
χ(c) = N(G)nr

Reality

Representations fall into three groups: real, pseudoreal
and complex. Real and pseudoreal representations have
real characters, whereas complex representations have
genuinely complex characters. This discussion begins
when we realise that if D(g) is a representation, then
so is D∗(g). The characters of D∗(g):

χ(r∗)(g) = Tr (D(g)∗) = Tr (D(g))∗ =
(
χ(r)(g)

)∗
We can check whether a given representation is real,
using the reality checker:

∑
g∈G

χ(r)(g2) = η(r)N(G), with η(r) =


1 if real
0 if complex
−1 if pseudoreal
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Note that if a representation is real, it does not neces-
sarily mean that all entries in the original matrices are
real, but rather that there exists a similarity transfor-
mation that makes the representation matrices real.

For the case of pseudoreality it is true that

D(g)∗ = SD(g)S−1

i.e. there exists a similarity transformation that takes
you from D(g) to D(g)∗.

Number of square roots

Starting with the reality checker note that if an element
f has σf square roots then it will appear σf times in
the sum, hence∑

f

σfχ
(r)(f) = η(r)N(G)

From here we can show that

σf =
∑
r

η(r)χ(r)(f)

Remember the sum on the right only goes over the
irreducible representations (of course, otherwise there
would be infinitely many terms).

Rotation Groups and Tensors SO(3)

For SO(3) we don’t need to worry about the differen-
ce between upper and lower indices, therefore in this
entire section we will only use upper indices.

The representation of SO(3) that we are best acquain-
ted with is the defining representation, i.e. 3× 3 (spe-
cial orthogonal) matrices. These matrices operate on
(and rotate) vectors, that is the vector element V i is
transformed as follows:

V i ⇝ V ′i =
∑
j

RijV j

where i and j take on three different values. We
say that this defining representation is furnished by
vectors. Similarly for SO(N) the rotation matrix is
N × N and the indices take on N different values.
However, this is not the most general form. Here we
introduce the tensor:

T ij ⇝ T ′ij =
∑
kl

RikRjlT kl

The representation that we get from studying this
transformation is furnished by rank-2‡ tensors. Note

‡ rank-2 just means that the tensor has 2 indices.

that in the case of SO(3) the indices can take on three
values, hence the representation is 9-dimensional.

But are these representations reducible? It turns out
there are two types of tensors that transform indepen-
dently from one another under these transformations:

1. Traceless symmetric tensors

2. Antisymmetric tensors

This can be seen by defining

Aij = T ij − T ji

this transforms like

Aij ⇝ A′ij = T ′ij − T ′ji

=
∑
kl

RikRjlT kl −
∑
kl

RjkRilT kl

=
∑
kl

RikRjl(T kl − T lk)

=
∑
kl

RikRjlAkl

Aij is an antisymmetric tensor. Next consider

Sij = T ij + T ji

This transforms like

Sij ⇝ S′ij = T ′ij + T ′ji

=
∑
kl

RikRjlT kl +
∑
kl

RjkRilT kl

=
∑
kl

RikRjl(T kl + T lk)

=
∑
kl

RikRjlSkl

Note that if i = j we get∑
i

Sii ⇝
∑
i

S′ii =
∑
kl

RikRilSkl

=
∑
kl

(
RT
)ki

RilSkl

=
∑
kl

(
R−1)kiRilSkl

=
∑
kl

δklSkl =
∑
k

Skk

Hence the trace is invariant under these transforma-
tions. Thus a symmetric tensor transforms as two in-
dependent parts, a traceless symmetric tensor and a
trace. Therefore we tend to work with symmetric tra-
celess tensors.
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Dimensions of rank-2 tensors: The first is easy: the tra-
ce of a rank-2 tensor is a number, hence 1-dimensional.
The antisymmetric tensors have N − 1 numbers in the
first row, N − 2 in the second all the way down until
there are 0 numbers left.

N−1∑
n=0

n = 1
2N(N − 1)

thus antisymmetric rank-2 tensors are 1
2N(N − 1)-

dimensional. Symmetric rank-2 tensors have the same
number plus the diagonal; there are N numbers on the
diagonal

1
2N(N − 1) +N = 1

2N(N + 1)

thus symmetric rank-2 tensors are 1
2N(N + 1)-

dimensional.

Therefore our 9 × 9 matrix from before (the rank-2
tensor representation of SO(3)) decomposes into an
antisymmetric part, a symmetric traceless part and a
trace, hence there exists a similarity transformation
such that

S−1D(R)S =


3× 3 block 0 0

0 1× 1 block 0
0 0 5× 5 block



Rank-n tensors in SO(N)

To generalise what we did before for rank-2 tensors, we
will look at

T i1i2···in

where each of the indices i1, i2, . . . , in can take on va-
lues between 1 and N . These tensors transform very
similarly to rank-2 tensors:

T i1i2···in ⇝T ′i1i2···in

=
∑

j1,j2,...,jn

Ri1j1Ri2j2 · · ·RinjnT j1j2···jn

As before these split into symmetric traceless tensors,
antisymmetric tensors as well as a trace. However, note
that now the trace is a rank-(n−2) tensor. This brings
us to the contraction of indices, and dual tensors. Con-

traction of indices occurs by using the Kronecker delta:∑
iα,iβ

δiαiβT i1···in =
∑
iα,iβ

T i1···iα···iα···in ⇝

∑
iα,iβ

T ′i1···iα···iα···in

=
∑
jα,jβ

Ri1j1 · · ·Riαjα · · ·Riαjβ · · ·RinjnT j1···jα···jα···jn

=
∑
jα

Ri1j1 · · ·Rinjn︸ ︷︷ ︸
does not include Riαjα nor Riβjβ .

T j1···jα···jα···jn

In the final equality I used, as before, that:
RiαjαRiαjβ = δjαjβ . Hence by renaming the indices
k1, k2, . . . , kn−2 it becomes clear that the Kronecker
delta has contracted two indices (iα and iβ) such that
we are now left with a rank-(n− 2) tensor.

We create the dual tensor by using the totally antisym-
metric tensor on an antisymmetric tensor, Ai1i2 (this is
not the general case, but it’s useful to start with this).
Note that the totally antisymmetric tensor in SO(N)
will have N indices. Remember we have to sum over
repeated indices, as usual thus∑

i1,i2

εi1i2···iNAi1i2 = Bj1j2···jN−2

thus Ai1i2 ’s dual tensor is Bj1j2···jN−2 . Generally if we
begin with a rank-p tensor, using ε on it will result in
a rank-(N − p) tensor.

Dimensions of rank-n tensors, whose indices can take on
N values

As usual we must differentiate between antisymmetric
tensors, symmetric traceless tensors and traces.

Antisymmetric

An antisymmetric tensor with n indices that can take
on N values has the following dimension:

d = N !
n!(N − n)! =

(
N

n

)

Symmetric Traceless

A symmetric tensor with n indices that can take on N
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values has the following dimension:

d = (N + n− 1)!
n!(N − 1)! − (N + n− 3)!

(n− 2)!(N − 1)!

=
(
N + n− 1

n

)
−
(
N + n− 3
n− 2

)

SO(3)

We often look at SO(3) specifically. First note that for
SO(3) it’s only important to look at symmetric ten-
sors (we can look at the dual of antisymmetric tensors,
which generally has fewer indices, for example an an-
tisymmetric tensor with 2-indices can be written as a
tensor with one index). Remember A. Zee’s inductive
approach to solving this problem. Thus let us look at
a symmetric traceless tensor in SO(3) with j indices:

d = (j + 2)!
j! 2! − j!

(j − 2)! 2!

= 1
2 ((j + 1)(j + 2)− j(j − 1)) = 2j + 1

which is related to there being 2j+1 states in a spin§-j
system!

Adjoint representation

The adjoint representation is defined as

(T a)bc = −ifabc

That is, the matrix T a’s b-c-th element is given by a
constant times the structure constant. For example,
the matrices J from Equation are the adjoint repre-
sentation of SO(3).

It can be shown that the adjoint representation indeed
is a representation by using Jacobi’s relation, which
states that

[[A,B], C] + [[B,C], A] + [[C,A], B] = 0
which, using the definition of our Lie Algebra can be
written as

fabdfdcg + f bcdfdag + f cadfdbg = 0
Now plugging our definition of the adjoint representa-
tion we can show that this holds.

Ladder operators and so(3)

We would like to represent so(3) with matrices; what
this means is that we find matrices Ji such that

[Ja, Jb] =
∑
c

iεabcJc

§ Spin, angular momentum and probably other quantum num-
bers...

We know from before that there exists a (2j +
1)-dimensional representation of SO(3), for j non-
negative. Hence there must exist a (2j+1)-dimensional
representation of the Lie Algebra. We introduce the
ladder operators (raising and lowering operators),
which will help us determine the entries in matrices
Ji:

J± ≡ Jx ± iJy

note that

[Jz, J±] = ±J±, [J+, J−] = 2Jz

By using smart equations involving these commutation
relations we can show that¶

J± |m⟩ = cm±1 |m± 1⟩ =
√
(j + 1±m)(j ∓m) |m± 1⟩

Using these coefficients and inverting the equations in
Equation we can obtain an expression for Jx and Jy.
Note that |m⟩ is in Jz’s eigenbasis, hence

Jz |m⟩ = m |m⟩

Hence it is diagonal with the values of m on the diago-
nal. Remember the equation from Quantum Mechanics

Qij = ⟨i| Q̂ |j⟩

Multiplying two representations together (still
SO(3))

In general multiplying two irreducible representations
together results in a reducible representation. Let us
begin with totally symmetric traceless tensors, Si1i2···ij

and T k1k2···k′
j . Now we begin by creating a new tensor

P i1···ijk1···kj′ = Si1i2···ijT k1k2···kj′

which only has separate symmetry properties for its
first j indices and its final j′ indices. We begin by sym-
metrising this and removing the trace, which gives us
a rank-(j + j′) tensor. Now we use εikl on P . Note
that i and k are respectively an index from S and T
(they can’t both be from either S or T , because these
are symmetric by construction, and using ε on a sym-
metric tensor gives you zero). Thus we trade off two
indices for one, giving us a new tensor with (j+ j′−1)
indices. We symmetrise and remove the trace, giving
us a traceless symmetric rank-(j + j′ − 1) tensor. This
is repeated until one of the tensors S or T runs out of
indices, thus

j ⊗ j′ = (j + j′)⊕ (j + j′ − 1)⊕ · · · ⊕ |j − j′|

¶ Note that these coefficients terminate for m = ±j. That is
J+ |j⟩ = 0 and J− |−j⟩ = 0, hence there are 2j + 1 states, as
expected.
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|j − j′| gives us the number of indices that remains
on the tensor that has most indices. We know the di-
mension of each term on the right side (for example
2(j + j′) + 1), and by adding these dimensions we can
determine the dimension of the coupled system (direct
product system):

d =
j+j′∑

k=|j−j′|

(2k + 1) = (2j + 1)(2j′ + 1)

Let us look at two spin- 12 systems, as we did in Quan-
tum Mechanics. For these j = j′ = 1

2 , hence
∗∗

1
2 ⊗ 1

2 = 1⊕ 0, (j and j′)

which means that when you couple two spin- 12 systems
you get a spin-1 and a spin-0 system! Recall from QM
when we looked at the spin-spin coupling of an electron
and proton of hydrogen in its ground state we saw that
the four states

( 1
2 · 2 + 1

)2 = 4 split into a triplet (a
spin-1 system has 3 states) and a singlet (spin-0 system
has one state)††.

How do we name irreducible representation?

Instead of denoting our representation by j, we can
represent it by its dimension. Hence Equation becomes

2⊗ 2 = 3⊕ 1, (dimensions)

Which is nice because 2 · 2 = 3 + 1. This works only
when we are looking at the dimensions of the represen-
tations, not the values of j and j′.

But which states?– Clebsch-Gordan decomposition

So we have seen that j ⊗ j′ decomposes into a direct
sum of systems with j′′ between |j− j′| and j+ j′, and
hence each one of these systems has between 2|j−j′|+1
and 2(j+ j′)+1 states. But which states go where and
what are the states actually?

Well, the systems with spin-j and spin-j′ have the sta-
tes

|j, m⟩ , |j′, m′⟩

respectively. We are taking the tensor product of these
two systems, so why not denote the coupled system’s
states with

|j, m⟩ ⊗ |j′, m′⟩

∗∗ I have added a parenthesis that says j and j′ because the
numbers in the equation are the values of j and j′ (and linear
combinations). In a second we will write a similar equation
where the numbers instead represent the dimension of the re-
presentation.

†† Page 176-177 in Griffiths QM 3rd ed.

Griffiths writes |j, j′,m,m′⟩, but it’s the same thing
– what we called the uncoupled basis in QM2. We
are about to find the coupled basis. It can be shown
that the product rule holds for the operators operat-
ing on tensor products of states, which means that, for
example

Jz(|j,m⟩ ⊗ |j′,m′⟩)
= (Jz |j,m⟩)⊗ |j′,m′⟩+ |j,m⟩ ⊗ (Jz |j′,m′⟩)
= (m+m′)(|j,m⟩ ⊗ |j′,m′⟩)

So let us do something smart. We start with the state
|j, j⟩ ⊗ |j′, j′⟩, and use the lowering operator:

J−(|j, j⟩ ⊗ |j′, j′⟩)
= cj−1 |j, j − 1⟩ ⊗ |j′, j′⟩+ cj′−1 |j, j⟩ ⊗ |j′, j′ − 1⟩

And now we take that state and use the lowering ope-
rator once again. This will give us 2(j + j′) + 1 states
– the states in the representation we called (j + j′).
But this is not all the states in the system! We are
expecting (2j + 1)(2j′ + 1). So let us find a state that
is orthogonal to J−(|j, j⟩⊗ |j′, j′⟩) and repeat the pro-
cedure again. We do this until we have all the states.
For example, if j = j′ = 1

2 we get∣∣∣∣12 , 12
〉
⊗
∣∣∣∣12 , 12

〉
1
√
2

(∣∣∣∣12 ,−1
2

〉
⊗
∣∣∣∣12 , 12

〉
+
∣∣∣∣12 , 12

〉
⊗
∣∣∣∣12 ,−1

2

〉)
∣∣∣∣12 ,−1

2

〉
⊗
∣∣∣∣12 ,−1

2

〉
1
√
2

(∣∣∣∣12 ,−1
2

〉
⊗
∣∣∣∣12 , 12

〉
−
∣∣∣∣12 , 12

〉
⊗
∣∣∣∣12 ,−1

2

〉)
Four states, just as expected. The first three states are
the states in the spin-1 system and the last state is the
spin-0 system’s state.

Special Unitary Groups SU(N)

The special unitary groups SU(N) consist of N × N
matrices, U , that are unitary, i.e. for which it is true
that

U†U = I, det (U) = 1

A few important facts about SU(N):

1. Now it is important whether we write indices on
top or at the bottom. For example φi = (φi)∗

2. When we use the repeated index summation rule
this only is true if one of the indices is on top
and the other is at the bottom, that is∑

i

φiψ
i
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3. The Kronecker delta now has a lower and an up-
per index:

δji

4. The totally antisymmetric tensor comes in two
forms

εi1i2···in , εi1i2···in

Now, vector transformations look like

ψi ⇝ ψ′i =
∑
j

U i
jψ

j

Similarly we can define transformations of covectors

ψi ⇝ ψ′
i =

∑
j

(U†)jiψj

Thus tensors can have upper and lower indices, and
these indices should be thought of as separate entities.
Generally tensors transform like

T i1i2···in
j1j2···jn′

⇝ T ′i1i2···in
j1j2···jn′

=
∑

l1l2···ln

∑
k1k2···kn′

U i1
k1

· · ·U in
kn
T k1k2···kn

l1l2···ln′
(U†)l1j1 · · · (U

†)ln′
jn′

But nobody can read that, so let’s take an example:
The tensor T ij

klm transforms like

T ij
klm ⇝

T ′ij
klm =

∑
nopqr

U i
nU

j
oT

no
pqr(U†)pk(U

†)ql (U
†)rm

The rules from before about contraction of indices and
dual tensors are similar to how they were in SO(3)
however, slightly more complicated. Now we can:

1. Contract an upper with a lower index using δik. So
that means out of a tensor with j upper indices
and j′ lower indices we make a tensor with (j−1)
upper indices and (j′−1) lower indices. I’ll write
it out for a specific case:∑

i,k

δikF
ij
k =

∑
i

F ij
i = Gj

so
∑

i,k δ
i
kF

ij
k transforms like a tensor with one

upper index

2. Move indices from the top to the bottom or vice
versa, for example∑

ij

εijpqϕ
ij
k = ψpqk

so
∑

ij εijpqϕ
ij
k transforms like a tensor with

three lower indices.

Generators of SU(N)

It can be shown that the generators of SU(N) are
N ×N , Hermitian, traceless matrices (or at least can
be represented by these). In general there are N2 − 1
of these (because they also need to be linearly inde-
pendent of one another). For example the generators
of the defining 2-dimensional representation of SU(2)
are the Pauli matrices:

σ1 =
(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
And for the defining 3-dimensional representation of
SU(3) they are the Gell-Mann matrices

λ1 =
( 0 1 0

1 0 0
0 0 0

)
, λ2 =

( 0 −i 0
i 0 0
0 0 0

)
, λ3 =

( 1 0 0
0 −1 0
0 0 0

)
,

λ4 =
( 0 0 1

0 0 0
1 0 0

)
, λ5 =

( 0 0 −i
0 0 0
i 0 0

)
, λ6 =

( 0 0 0
0 0 1
0 1 0

)
,

λ7 =
( 0 0 0

0 0 −i
0 i 0

)
, λ8 = 1

√
3

( 1 0 0
0 1 0
0 0 −2

)
Adjoint representation of SU(N)

Just like with SO(N) we define the adjoint represen-
tation as

(T a)bc = −ifabc

The b-c-th element of the generator T a is equal to a
constant times the structure constants’ a-b-c-th entry.

The structure constants for the Pauli-matrix normali-
sation of SU(2) are 2εijk, so

[σa, σb] =
∑
c

2iεabcσc

An interesting fact about SU(2) is that it is locally
isomorphic to SO(3) and that it covers SO(3) doubly.
Hence we can represent rotations of vectors in 3 di-
mensions using SU(2)! Let X = xσ1 + yσ2 + zσ3 then,
for example

U†XU = X ′, U = eiϕ·σ/2

will rotate X by an angle equal to |ϕ| about the axis
of rotation ϕ̂. When using the generators for rotations,
for example

exp(−iθJx)Jy exp(iθJx) = cos θJy + sin θJz
That is this expression rotates Jy about the x-axis by
the angle θ.

Facts about SU(2):

1. It can be described only using symmetric tensors
with upper indices

2. Its representations have dimension 2j + 1 for
(2j) ∈ Z

3. Its integer-spin representations are real, and its
half-integer-spin representations are pseudoreal.
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SU(3)

Isospin and hypercharge

Subatomic particles’ charge is described using two
quantum numbers, their isospin, I3 and their hyper-
charge Y . Their charge is then

Q = I3 +
1
2Y

I3 and Y are the quantum numbers that describe the-
se particles in this SU(3) description, which has two
commuting operators.

Dimensions of SU(3) tensors

In contrast to SU(2) there can be both upper and lower
indices in SU(3) (ε has three indices, hence we cannot
move everything up to the upper index). Therefore it
is important that we distinguish between upper and
lower indices.

Let us denote symmetric traceless tensors with m up-
per indices and n lower indices by (m,n)

We have previously shown that a symmetric tensor
with n indices has dimension 1

2 (n+1)(n+2). Additio-
nally we have shown that the dimension of a product
is the product of dimensions, hence if we have a sym-
metric tensor with m upper indices and n lower indices
we would expect to get 1

4 (m+1)(n+1)(m+2)(n+2),
but we need to remove the trace, which is a tensor with
(m− 1) upper indices and (n− 1) lower indices, hence

D(m,n) =1
4(m+ 1)(n+ 1)(m+ 2)(n+ 2)

−1
4mn(m+ 1)(n+ 1)

=1
2(m+ 1)(n+ 1)(m+ n+ 2)

Here is the table from A. Zee depicting the dimensions
of some of the lowest irreducible representations

(m,n) D
(1, 0) 3
(1, 1) 8
(2, 0) 6
(2, 1) 15
(2, 2) 27
(3, 0) 10

Tabel I: Dimension of a few irreducible representations of
SU(3). m is the number of upper indices and n
is the number of lower indices of the symmetric
traceless tensor.

Multiplying irreducible representations of SU(3)

Let us multiply two irreducible representations (m,n)
and (m′, n′). How do these decompose? Let’s begin
with (1, 0) and (0, 1), that is ϕi and ψj . When we take
the tensor product of these we get a tensor T i

j , which
we symmetrise and remove the trace and get (1, 1).
And what is left is the trace, which is a scalar (0, 0),
thus we conclude

(1, 0)⊗ (0, 1) = (1, 1)⊕ (0, 0), (m, n, m′ and n′)

As before we can write this as

3⊗ 3∗ = 8⊕ 1, (dimensions)

where we differentiate between the two 3-dimensional
representations, as one has one upper index, and the
other one lower index (they are conjugate to each ot-
her). A more challenging example is (1, 1) and (1, 1),
which decomposes into

(1, 1)⊗ (1, 1) (m, n, m′ and n′)
= (2, 2)⊕ (3, 0)⊕ (0, 3)⊕ (1, 1)⊕ (1, 1)⊕ (0, 0)

and once again

8⊗ 8 = 27⊕ 10⊕ 10∗ ⊕ 8⊕ 8⊕ 1, (dimensions)

By repeatedly symmetrising and subtracting traces we
can do this for arbitrary (m,n) and (m′, n′). But first
let us introduce new notation: (m + m′, n + n′) =
(m,n;m′, n′), so (m,n;m′, n′) is a traceless symmetric
tensor with (m+m′) upper indices and (n+ n′) lower
indices. Then

(m,n)⊗ (m′, n′) = (m,n;m′, n′)
⊕ (m− 1, n;m′, n′ − 1)
⊕ (m,n− 1;m′ − 1, n′)
⊕ (m− 1, n− 1;m′ − 1, n′ − 1)
⊕ (m,n− 2;m′ − 2, n′)
⊕ · · · ∥

the · · · ∥ indicates that the process continues, but that
it may terminate before (0, 0), (it could for example
terminate with (1, 0)).

Weights and Roots – SU(3)

The Gell-Mann matrices are the eight generators in the
defining representation of SU(3), which is important in
particle physics. Here I have written them out again:

λ1 =
( 0 1 0

1 0 0
0 0 0

)
, λ2 =

( 0 −i 0
i 0 0
0 0 0

)
, λ3 =

( 1 0 0
0 −1 0
0 0 0

)
,

λ4 =
( 0 0 1

0 0 0
1 0 0

)
, λ5 =

( 0 0 −i
0 0 0
i 0 0

)
, λ6 =

( 0 0 0
0 0 1
0 1 0

)
,

λ7 =
( 0 0 0

0 0 −i
0 i 0

)
, λ8 = 1

√
3

( 1 0 0
0 1 0
0 0 −2

)
Now note:
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1. λ3 and λ8 are diagonal – they commute

2. λ1, λ2 and λ3 form a SU(2) subalgebra

These generators satisfy the commutation relation that
defines the Lie Algebra

[T a, T b] =
∑
c

ifabcT c

for this normalisation of SU(3) the structure constants
are

f123 = 1

f147 = −f156 = f246 = f257 = f345 = −f367 = 1
2

f458 = f678 =
√
3
2

and all other values that are not related to these through
permutations of indices are zero. The following discus-
sion will be about the generators T a in general (not
specific to any representation). We see (from the struc-
ture constants) that [T 3, T 8] = 0, hence they can be
diagonalised simultaneously. The remaining six gene-
rators are related to lowering and raising operators, as
we saw for SO(3):

I± = T1 ± iT2
U± = T6 ± iT7
V± = T4 ± iT5
I3 = T3

Y = 2
√
3
T8

The odd normalisation of Y has historical reasons. Re-
member that T1, T2 and T3 formed a SU(2) subalge-
bra? Well that means that

[I3, I±] = ±I±, [I+, I−] = 2I3

Here are the remaining commutation relations

[I3, U±] = ∓1
2U±, [I3, V±] = ±1

2V±
[Y, U±] = ±U±, [Y, V±] = ±V±
[Y, I±] = 0, [I+, V−] = −U−

[I+, U+] = V+ [U+, V−] = I−

[I+, V+] = 0 [I+, U−] = 0

[U+, U−] =
3
2Y − I3 ≡ U3

[V+, V−] =
3
2Y + I3 ≡ V3

[U+, V+] = 0

Root vectors

We are going to construct a lattice that represents all
the states in the system. On the x-axis we will have i3
(the eigenvalue of I3) and on the y-axis we will have
y (the hypercharge). Thus we call our states |i3, y⟩,
and they are eigenstates of both I3 and Y . The root
vectors show in which direction the different raising
and lowering operators take us:

I±↭

(
±1

0

)

U±↭

(
∓ 1

2

±1

)

V±↭

(
± 1

2

±1

)

I+I−

U+

U−V−

V+

Figur 1: Root vectors for SU(3)

Now that we know in which direction we can move, let
us find out where we can start and stop, such that we
will have found all the states. The states are represen-
ted by weights (vertices). But before we look at that
let us define two terms:

1. Positive roots: roots whose first nonzero value is
positive

2. Simple roots: positive roots that cannot be writ-
ten as a sum of two positive roots with positive
coefficients.

Our positive roots are V+, I+ and U− and the simple
roots are V+ and U−.

Next: weight diagrams are specific to which representa-
tion we are looking at! Remember we write our repre-
sentation as (m,n) where m is the number of upper in-
dices and n is the number of lower indices. Now it turns
out that (m,n) also is the number of times we can use
V− and U+ respectively on the highest weight‡‡. For

‡‡ The highest weight state is the state that is farthest along the
line i3 = i8.
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example in (1, 0), which is the defining 3-dimensional
representation, we can use V− once and U+ no times.
But how do we find the highest weight? You find it by
using

αi · µHW

∥αi∥2
= qi

2

where αi is the i-th simple root and qi is the i-th entry
in our "vector"(m,n). Hence for (1, 0)

1
2

(
µHW
1 +

√
3µHW

2

)
= 1

2
1
2

(
µHW
1 −

√
3µHW

2

)
= 0

Hence µHW =
(

1
2 ,

1
2
√
3

)
. Now we use two important

facts

1. There is a SU(2) subalgebra along the i3-axis

2. We can use V− and U+ m and n times, respecti-
vely

Thus our weight diagram for (1, 0) is as follows

− 1
2

1
2

− 1√
3

1
2
√
3 ud

s

i3

i8

Figur 2: Weight diagram for the 3-dimensional representa-
tion of SU(3), (1, 0). u is the up quark, d the down
quark and s the strange quark

Here comes another important fact about weight dia-
grams. To get from a representation to its conjugate
you mirror it along the i3 axis. This can be seen by
looking at the commutation relations

[D(T a), D(T b)] =
∑
c

ifabcD(T c)

Here I am representing the T ’s by the matrices, D.

Now let us take the complex conjugate§§

[D∗(T a), D∗(T b)] = −
∑
c

ifabcD∗(T c)

which we can write as

[−D∗(T a),−D∗(T b)] =
∑
c

ifabc (−D∗(T c))

This changes the signs of both i3 and i8, however, note
that the weight diagrams are always symmetric about
the i8-axis, therefore we effectively only mirror about
the i3 axis. You can find further weight diagrams in
the appendix.

Weights and Roots – General Lie Algebras

First we must introduce new notation. Let Hi be the
generators that commute, and let us call the remai-
ning generators Ei. In the case of (the 3-dimensional
representation of) SU(3) we have that

H1 = 1
√
2
diag(1,−1, 0)

H2 = 1
√
6
diag(1, 1,−2)

That is to say the H’s are diagonal matrices with the
given values on the diagonal. The weights are found by
reading off vertically, that is

w1 = 1
√
2

(
1
1√
3

)
, w2 = 1

√
2

(
−1
1√
3

)
, w3 = 1

√
2

(
0

− 2√
3

)

In our case here we only have three weights, so the six
roots are easy to calculate (they are all the possible
vectors that join the three points):

α1 = −α4 = w1 − w2 =
√
2
(
1
0

)
α2 = −α5 = w2 − w3 = 1

√
2

(
−1√
3

)
α3 = −α6 = w1 − w3 = 1

√
2

(
1√
3

)
Corresponding to

√
2I±,

√
2U± and

√
2V± respective-

ly. SO(4) can be done similarly, and we end up with a

§§ Note that [A,B]∗ = (AB−BA)∗ = A∗B∗−B∗A∗ = [A∗, B∗].
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square weight diagram, that can be seen in the appen-
dix

Generally for SO(2ℓ)

The commuting generators are

H1 = diag(1,−1, 0, 0, · · · , 0, 0)
H2 = diag(0, 0, 1,−1, 0, 0, · · · , 0, 0)

...
Hℓ = diag(0, 0, · · · , 0, 0, 1,−1)

so the weights are

w1 = (1, 0, · · · , 0)
w2 = (−1, 0, · · · , 0)
w3 = (0, 1, 0, · · · , 0)
w2ℓ−1 = (0, · · · , 0, 1)
w2ℓ = (0, · · · , 0,−1)

(ωi ∈ Rℓ), thus we can write the weights as ±ei where
ei is the i-th unit vector in Rℓ. Thus the roots are given
by

±ei ± ej (signs uncorrelated) (i < j)

there are 4ℓ(ℓ − 1)/2 of these. We define the positive
roots as (ei ± ej) again with i < j, which makes the
simple roots:

ei − ei+1 (i = 1, . . . , ℓ− 1), eℓ−1 + eℓ

And now SO(2ℓ + 1) SO(2ℓ + 1) is very similar to
SO(2ℓ) but the vector representation has an additio-
nal∗ zero weight

wℓ+1 = (0, 0, . . . , 0)

the roots for SO(2ℓ+ 1) are given by

±ei ± ej (signs uncorrelated) (i < j),±ei

and hence the positive roots are ei ± ej and ei, still
with i < j, and the simple roots are

ei − ei+1 (i = 1, . . . , ℓ− 1), eℓ

The roots of SU(N)

∗ And all the other matrices get a column and row of zeros
added to the end.

There are ℓ = N − 1 traceless matrices that commute
with one another, these are

H1 = 1
√
2
diag (1,−1, 0, . . . , 0)

H2 = 1
√
6
diag (1, 1,−2, 0, . . . , 0)

...

Hi = 1√
i(i+ 1)

diag

1, 1, 1, . . . , 1︸ ︷︷ ︸
i

,−i, 0, . . . , 0


...

Hℓ−1 = 1√
(ℓ− 1)ℓ

diag (1, 1, . . . , 1, 1, 1,−(ℓ− 1), 0)

Hℓ = 1√
ℓ(ℓ+ 1)

diag (1, 1, . . . , 1, 1, 1, 1,−ℓ)

which makes the weights

w1 =
√
2
(
1
2 ,

1
2
√
3
, . . . ,

1√
2m(m+ 1)

, . . . ,
1√

2ℓ(ℓ+ 1)

)

w2 =
√
2
(
−1
2 ,

1
2
√
3
, . . . ,

1√
2m(m+ 1)

, . . . ,
1√

2ℓ(ℓ+ 1)

)

w3 =
√
2
(
0,− 1

√
3
, . . . ,

1√
2m(m+ 1)

, . . . ,
1√

2ℓ(ℓ+ 1)

)

...

wm+1 =
√
2
(
0, 0, . . . , 0, −m√

2m(m+ 1)
, . . . ,

1√
2ℓ(ℓ+ 1)

)

...

wℓ+1 =
√
2(0, 0, 0, 0, 0 . . . , −ℓ√

2ℓ(ℓ+ 1)
)

That’s chaos, so let’s look at SU(4). ℓ = N − 1, thus
we expect 3 commuting operators:

H1 = 1
√
2
diag (1,−1, 0, 0)

H2 = 1
√
6
diag (1, 1,−2, 0)

H3 = 1
2
√
3
diag (1, 1, 1,−3)
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and the weights are

w1 = 1
√
2

(
1, 1

√
3
,
1
√
6

)
w2 = 1

√
2

(
−1, 1

√
3
,
1
√
6

)
w3 = 1

√
2

(
0,− 2

√
3
,
1
√
6

)
w4 = 1

√
2

(
0, 0,−

√
3
2

)

There are six roots, of which 3 are simple:

α1 =
√
2(1, 0, 0)

α2 = 1
√
2
(−1,

√
3, 0)

α3 = 1
√
3
(0,−

√
2, 2)

Generally for SU(ℓ+ 1) the ℓ simple roots are

αi = ei − ei+1, i ∈ {1, 2, . . . , ℓ}

Symplectic Algebras (Sp(2ℓ))

The commuting generators are

Hi = ui ⊗ σ3 =
(
ui 0
0 −ui

)

where (ui)mn = δimδmn, i.e ui is an ℓ× ℓ matrix with
a single entry: a one in the i-th column and i-th row.
For example for Sp(4):

H1 = diag (1, 0,−1, 0)
H2 = diag (0, 1, 0,−1)

which makes that weights

w1 = (1, 0)
w2 = (0, 1)
w3 = (−1, 0)
w4 = (0,−1)

and the positive roots are

α1 = 2e1

α2 = e1 + e2

α3 = 2e2

α4 = e1 − e2

To summarise:

# of generators roots simple roots

SU(ℓ) ℓ2 − 1 ei − ej ei − ei+1

SO(2ℓ+ 1) ℓ(2ℓ+ 1) ±ei ± ej ,±ei ei − ei+1, eℓ

Sp(2ℓ) ℓ(2ℓ+ 1) ±ei ± ej ,±2ei ei − ei+1, 2eℓ

SO(2ℓ) ℓ(2ℓ− 1) ±ei ± ej ei − ei+1, eℓ−1 + eℓ

Tabel II

Classification of Lie Algebras

Remember a Lie Algebra with n generators is defined
by

[T a, T b] =
∑
c

ifabc T c

fabc is antisymmetric in ab, but it does not make sense
to swap for example a and c around. We introduce now
the Cartan-Killing metric:

gab ≡ Tr
(
T aT b

)
= −

∑
c,d

facd f bdc

In physics we restrict ourselves to Lie Algebras for
which gab† is invertible∑

b

gabgbc = δac

Cartan Subalgebra

As before we denote the commuting generators by Hi

and the remaining generators by E, i.e we have

[Hi, Hj ] = 0

At this stage A. Zee starts using T i for the matrices
that represent Hi, but I will use Hi because that’s far
less confusing, but beware that Hi is the generator and
Ti is the matrix representation thereof. We know that
these are diagonal, let us call the a-th diagonal element
βi(a)

(Hi)ab =


βi(1) 0 0 0
0 βi(2) 0 0
0 0 βi(3) 0
0 0 0 βi(4)

 = βi(a)δab

† A. Zee says that if gab is real and symmetric we can relate
it, by a similarity transformation, to δab, so that the space in
question is effectively Euclidean flat space.
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This means that

[Hi, Xa] =
∑
b

βi(a)δabXb = βi(a)Xa

Xa is one of the non-commuting matrices, which we
henceforth will denote by Eβ . Additionally we will de-
fine the root vector β(a):

β(a) ≡
(
β1(a), β2(a), . . . , βℓ(a)

)
Remember before, when we took the i-diagonal entry
in the H matrices and called that the root, that is
exactly what this definition says. We have that

[Hi, Eβ ] = βiEβ ↭ [Hi, E†
β ] = −βiE†

β

where you get the right part by taking the complex
conjugate. Note that this means that‡

E†
β ≡ E−β

A cool fact about roots is that if Eα and Eβ are roots,
then so is [Eα, Eβ ]:

[Hi, [Eα, Eβ ]] = −[Eα, [Eβ , H
i]]− [Eβ , [Hi, Eα]]

= [Eα, β
iEβ ]− [Eβ , α

iEα]
= (α+ β)i[Eα, Eβ ]

Thus [Eα, Eβ ] is associated with the root (α + β).
However if (α + β) is not a root, then [Eα, Eβ ] = 0.
Thus 2α is not a root (all operators commute with
themselves). The following is true about the commuta-
tors

[Hi, Hj ] = 0
[Hi, Eα] = αiEα

[Eα, Eβ ] = Nα,βEα+β

[Eα, E−α] = αiH
i

where Nα,β is some constant and
∑

i αig
ij = αj . Let’s

suppose that we start at some β and then use Eα on
it; this will move us in the direction of α, but not inde-
finitely, because the number of weights is finite, hence
the ladder must terminate at some point. Let p be the
number of times we can use Eα and q the number of
times we can use E−α. This allows us to write an in-
ductive relation for Nα,β , which leads to

2 ⟨α|β⟩
⟨α|α⟩

= q − p = n ∈ Z

‡ This is remnant of the â and â† for the quantum mechanical
harmonic oscillator, and that their action is the opposite of one
another (the one is the creation and the other the annihilation
operator)

similarly

2 ⟨α|β⟩
⟨β|β⟩

= q′ − p′ = m ∈ Z

Hence

cos2 θαβ = mn

4 =⇒ 0 ≤ mn ≤ 4

where θαβ is the angle between α and β. Additionally
this implies that

ραβ = ⟨α|α⟩
⟨β|β⟩

= m

n
∈ Q

This leads to the Cartan-Killing classification of Lie Al-
gebras: We can determine the angles between the roots,
which puts all§ Lie Algebras in one of four groups; this
is summarised in the following table

m n ⟨α|α⟩
⟨β|β⟩ cos2 θαβ θαβ

1 1 1 1
4 60◦

2 1 2 1
2 45◦

3 1 3 1
4 30◦

2 2 1 1 0◦

Tabel III: Summary of the geometry of root diagrams.

Note that with this table we can show that:

There are at most two different lengths of
roots in a root diagram.

A very useful tool when determining root diagrams is
Weyl reflection: Given two roots α and β we define

β′ = β − 2 ⟨α|β⟩
⟨α|α⟩

α = β + (p− q)α

if β is a root, then so is β′, this helps us draw
root diagrams much quicker, as it gives us additional
roots, where we know the direction and the magnitude.
This can be interpreted geometrically as: mirroring β
through the hyperplane that is orthogonal α gives you
β.

You can find all possible root diagrams for rank-2 Lie
Algebras in the appendix.

Note that the angle between two simple roots has to
be obtuse or right:

θαβ ∈
[π
2 , π

]

§ There are probably some exceptions...
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Dynkin Diagrams

Every simple root is assigned either a filled circle, ,
or an open circle, . Each circle is connected with
zero, one, two or three lines. Here is how we determine
which:

1. If the simple root is one of the short roots, the
circle is filled. If it is one of the long roots it is
open.

2. Number of lines between circles:

a. Zero if θαβ = 90◦

b. One if θαβ = 120◦

c. Two if θαβ = 135◦

d. Three if θαβ = 150◦

The number of lines between two circles corresponding
to the simple roots α and β respectively is given by

NL(α, β) =
(
2 ⟨α|β⟩
⟨α|α⟩

)(
2 ⟨α|β⟩
⟨β|β⟩

)
= pp′

(Note that q and q′ are zero because the roots are simp-
le) A few Dynkin Diagrams are shown in the appendix.

Here are a few rules for Dynkin Diagrams:

1. Cutting: If you cut any line between two circles
the resulting two diagrams must be legal Dynkin
Diagrams

2. No circle can have more than three lines

3. No loops

Cartan Matrix:

We define the Cartan Matrix as

Aij ≡ 2
⟨αi|αj⟩
⟨αi|αi⟩

Things no one can remember (Appendix)

Integers modulo n: Zn

The integers form a finite group under addition modulo
n. For example

Z4 = {0, 1, 2, 3}

because all numbers are either 0, 1, 2 or 3 mod 4. For
example

2 + 3 ≡ 1 mod 4

Zn is isomorphic to the n roots of unity under multi-
plication. For example Z4 is isomorphic to

{1, i,−1,−i}

under multiplication (note that these are all the fourth
roots of 1)

Multiplication table

I A B C

I I A B C

A A A2 AB AC

B B BA B2 BC

C C CA CB C2

There are two possible ways of filling this table out
(there are two distinct groups of order 4 up to iso-
morphism). Let us first assume that A2 = I¶, then
{I, A} form a subgroup. Then AB = C because the
row with AB has A and I, and the column with AB has
B, by similar argument AC = B. Also AB = BA and
AC = CA, due to the symmetry, which isn’t always the
case. Now we are left with a choice, either B2 = C2 = I
or BC = CB = I. These yield two distinct groups:

I A B C

I I A B C

A A I C B

B B C I A

C C B A I

Tabel IV: Multiplication table for any group that is iso-
morphic to Z2 ⊗ Z2

I A B C

I I A B C

A A I C B

B B C A I

C C B I A

Tabel V: The multiplication table for the cyclic group of or-
der 4. B is the generator.

Character table Q

First we need to determine the number of equivalence
classes. Note that

(−i)2 = (−j)2 = (−k)2 = −1

¶ For groups of even order there is at least one element that
squares to the identity.
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So let us just calculate all the possible similarity trans-
formations

1 −1 i j k

1−1 1 1 −1 i j k

(-1)−1 -1 1 −1 i j k

i−1 i 1 −1 i −j −k

j−1 j 1 −1 −i j −k

k−1 k 1 −1 −i −j k

Tabel VI: For example the row j−1 j takes 1,i,j and k
and calculates j−11j, j−1ij, j−1jj and j−1kj re-
spectively

Hence we see that

i ≡ −i, j ≡ −j, k ≡ −k

hence we have five equivalence classes, and hence five
irreducible representations (N(C) = N(R)). Now we
use that ∑

r

d2r = N(G)

This says we have five numbers whose sum of squares
must be equal to eight (there are eight elements in the
group). There is only one solution to this

1 + 1 + 1 + 1 + 22 = 8

Thus we can already fill out a lot in the character table

Q nc c 1 1′ 1′′ 1′′′ 2
1 1 1 1 1 1 2
1 −1 1 w x y z

2 i 1 α β γ ε

2 j 1 a b c d

2 k 1 Λ Γ Ξ Σ

Tabel VII: Character table for Q, incomplete.

First off we use∑
c

ncχ
(r)∗(c)χ(s)(c) = N(G)δrs

which, when we let r = s tells us that all entries in the
columns 1′, 1′′ and 1′′′ either are 1 or −1. Also z = ±2.
Now if we use the same equation but choose r = 1 and
s = 2 we see that z = −2, so that the sum is zero. Now
let us use∑

r

(
χ(r)(c)

)∗
χ(r)(c′) = N(G)

nc
δcc

′

together with what we established previously tells us
that w = x = y = 1. Now we know that the remaining
entries have to have −1 twice in each row and column
(due to the orthogonality), it doesn’t matter in which
order we do it, because we can freely swap the columns
1′, 1′′ and 1′′′ around. Therefore the complete character
table is

Q nc c 1 1′ 1′′ 1′′′ 2
1 1 1 1 1 1 2
1 −1 1 1 1 1 −2
2 i 1 1 −1 −1 0
2 j 1 −1 1 −1 0
2 k 1 −1 −1 1 0

Tabel VIII: Character table for Q, complete.

Further Weight Diagrams

ūd̄

s̄

Figur 3: 3∗-dimensional representation of SU(3), (0, 1)

w4

w2

w3

w1

Figur 4: 4-dimensional representation of SO(4)

Λ,Σ0
Σ− Σ+

pn

Ξ0Ξ−

Figur 5: 8-dimensional representation of SU(3), (1, 1). No-
te that there are two distinct states in the middle,
Λ and Σ0
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Y ∗0
Y ∗− Y ∗+

N∗+N∗0

Ξ∗0Ξ∗−

N∗− N∗++

Ω−

Figur 6: 10-dimensional representation of SU(3), (3, 0)

Root diagrams for rank-2 Lie Algebras

Figur 7: SO(4) = D4, θαβ = 90◦

Figur 8: SU(3) = A2, θαβ = 60◦

Figur 9: SO(5) = B2, θαβ = 45◦

Figur 10: Sp(4) = C2, θαβ = 45◦

Figur 11: G2, θαβ = 30◦

A Few Dynkin Diagrams

. . .
α1 α2 α3 αℓ−1 αℓ

Figur 12: SU(ℓ+ 1)

. . .
α1 α2 α3 αℓ−1 αℓ

Figur 13: SO(2ℓ+ 1)

. . .
α1 α2 α3

αℓ−2

αℓ−1

αℓ

Figur 14: SO(2ℓ). If ℓ = 2 then αℓ−2 does not exist, hence
the two circles are not connected.

. . .
α1 α2 α3 αℓ−1 αℓ

Figur 15: Sp(2ℓ)

Figur 16: F4
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